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Executive Summary
Frequency Assignment Algorithms
Radiocommunications Agency Agreement RCCM 070
Year 2, 1996/97
The research contract consisted of an investigation into the use of combinatorial optimisation techniques for discrete channel assignment in irregular networks, and the
development of lower bounds to assess algorithm performance and to assist in the actual
assignment process. The project was funded by the Radiocommunications Agency for
the period 1st April 1996 to 31st March 1997 and builds on the work done in Year 1
(April 1995 to March 1996).
The work carried out during Year 2 extends the research of the rst year. In particular,
the system FASoft has developed into a state-of-the-art channel assignment system.
It contains solution techniques based on meta-heuristics including simulated annealing,
tabu search and genetic algorithms. The system also includes sequential (greedy) assignment methods and exact algorithms. The most successful techniques, for both minimum span and xed spectrum frequency assignment use hybrid sequential/simulated
annealing and sequential/tabu search algorithms. When used in conjunction with the
assignment of a critical subgraph (often identi ed by the lower bounding techniques) the
techniques produce optimal frequency assignment plans for several benchmark problems
which have previously remained unsolved for many years. The system uses a constraint
matrix or channel separation matrix to model the network interference.
A Windows interface has been developed for FASoft using Delphi 2.0. This should
allow the system to be more accessible than the previous command line version, particularly to Radio Engineers.
Initial empirical research has been started on the classi cation of problems and on how
to assess the spectrum eciency of any assignment.
The project has proved very successful and future work will proceed on two fronts. The
rst will look at the development of heuristic algorithms for clique detection in the
constraint graph. This will help in the identi cation of critical subgraphs which, in turn,
will help in the classi cation of problems. Secondly, the problem of area coverage in a
geographical region will be investigated.
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1 Introduction
The research agreement Study of Problems Comparing Various Frequency Assignment
Algorithms started in 1st April 1995 and currently continues until 31st March 1997. The
project involves the development of methods for the assignment of radio frequencies and
the development of a software system to implement these techniques. The investigation
is a collaboration between the Universities of Cardi and Glamorgan and is being funded
by the Radiocommunications Agency under agreement RCCM 070.

1.1 The Frequency Assignment Problem
The radio frequency assignment problem concerns the allocation of frequencies to transmitters, with the aim of avoiding or minimising interference. The radio spectrum is
an important natural resource. The increasing demands on the radio spectrum due to
modern communication needs are outpacing the expansion of the useable spectrum due
to technological advances. Many services, both civil and military, require access to the
spectrum to function, and the demand for frequencies is increasing year by year. Consequently, ecient management of the spectrum requires that frequencies be assigned,
for a particular service, in an optimum or near-optimum manner. The problem is thus
of vital importance, but is known to be computationally intractable. In practice, this
assignment of frequencies is often done using greedy heuristics which mimic the way the
process may be done manually. These methods produce assignments quickly (even for
large problems) but inevitably use more spectrum than is necessary. Exact methods
based on graph theory give the optimum solution but are computationally unrealistic
for problems involving, approximately, fty transmitters or more.
It is important that methods be found for assessing the performance of these heuristic
techniques. Simply comparing one heuristic with another gives no information about
the actual quality of the assignments obtained using the heuristics. One approach is
the use of standard lattice assignments [12, 30, 29], when the optimal assignment may
be known. Another approach is the use of lower bounding techniques [13, 41]. These
bounds are sometimes weak, but for frequency assignment problems typical of those that
arise in practice, good bounds can often be obtained.
For many lower bounding methods the best lower bound is found not from the complete
problem, but by picking out a subproblem of the complete problem. We shall formulate
the radio frequency assignment problem as a problem in a constraint graph and identify the subproblem with a subgraph of the constraint graph. The basic idea that we
shall explore is that the subgraph which gives the best available lower bound should be
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assigned rst, and the assignment can then be extended to the complete problem. We
will describe how this approach can be achieved and describe results which give both
signi cant improvements to the best obtained from any heuristic directly, and in some
cases optimal results.

1.2 Interference and the Constraint Matrix
In order to model interference, constraints are imposed on the assignment. When a transmitter can cause interference with a receiver, a constraint is implied on the frequencies
assigned to this transmitter and the transmitter serving the receiver. Interference can
occur when the assigned frequencies are the same or close together. This can happen
when equipment is at the same location or within a few tens of metres of each other
(co-site interference), or when equipment is at a distance of several kilometres or more
(far-site interference).

Co-channel constraints: This is the most important factor in the consideration of
far-site interference. A pair of transmitters located at di erent sites must not be assigned
the same frequency, unless they are suciently geographically separated. If fi and fj
are the frequencies assigned to transmitters i and j then this gives rise to constraints of
the form:
fi 6= fj
Adjacent channel constraints: When a transmitter and a receiver are tuned to

similar frequencies (normally within three channels of each other), there is still the
potential for interference. Therefore a number of constraints arise of the following form:
jfi ; fj j > m
for some value of m, where m is the required number of channels separation.

Co-site frequency separation: Any pair of frequencies at a site must be separated

by a certain xed amount, typically, for a large problem, 250 kHz or 5 channels. If a
frequency is to be used by a high power transmitter then its frequency separation should
be larger, say 500 kHz or 10 channels. The constraint can therefore be of the form:
jfi ; fj j  m
where m refers to the number of channels separation required between transmitters i
and j .
For a given problem containing N transmitters, numbered from 1 to N , these interference
constraints are represented by a N  N constraint matrix corresponding to a constraint
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graph with N vertices. For each pair of transmitters, (i; j ), with 1  i < j  N there is a
value cij  0 which measures the minimal frequency separation required for transmitters
i and j . Each cij labels an edge (ij ) in the constraint graph. We denote by C the number
of cij which are non-zero, where C is the number of non-trivial constraints and clearly
C  N (N2; 1)
Two types of frequency assignment problem arise in practice, xed spectrum and minimum span. Both types of problem can be represented by a constraint matrix.

1.2.1 Fixed Spectrum Model
In this problem there is a xed set of Ffixed frequencies denoted by:
D = fd1; d2; : : :; dFfixed g
It is required to determine N values
(f1; f2; : : :; fN ) 2 DN
such that, for all i; j with 1  i < j  N

jfi ; fj j > cij
There are (Ffixed)N possible frequency assignments and because it may be dicult, or
even impossible, to determine one which imposes no interference we determine an assignment where the total interference is minimal. If f = (f1; f2; : : : ; fN ) denotes a frequency
assignment and E (f ) denotes the total interference, the problem is to determine an
f 2 DN for which E (f ) is minimal or near-minimal. FASoft can also solve problems
where the set D varies from transmitter to transmitter, and problems where some of the
transmitters have a xed frequency.

1.2.2 Minimum Span Model
In minimum span frequency assignment, the set of available frequencies is not xed, and
could for example, be represented by the set of consecutive integers
D = f1; : : : ; K + 1g:
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It is required to determine N values
(f1; f2; : : :; fN ) 2 DN
such that, for all i; j with 1  i < j  N

jfi ; fj j > cij
and K is minimal over all feasible assignments. This minimum value of K is called the
minimum span and is denoted sp(G), where G is the constraint graph.

1.3 The Frequency Assignment Software
FASoft is a frequency assignment software package for any problem described by a
constraint matrix. The algorithms used in FASoft are based on meta-heuristics, but

also include exact and sequential (greedy) methods, and lower bounding techniques
which aid in the assignment process. The system can be used to solve minimum span
or xed spectrum problems. Minimum span frequency assignment involves assigning
radio frequencies to a number of transmitters subject to a number of constraints, such
that no interference is su ered (no constraints violated), and the span of frequencies
used i.e. the di erence between the largest and smallest frequency used, is minimised.
In contrast, xed spectrum frequency assignment involves assigning frequencies from a
xed set ( xed span) of frequencies. Usually this set is too small to enable all constraints
to be satis ed, therefore some alternative measure is minimised such as the number of
constraint violations. The techniques studied in the project have included sequential and
exact algorithms, together with simulated annealing, tabu search and genetic algorithms.
The system has proved successful on three fronts:

 It is capable of carrying out state of the art frequency assignment by one, or a

combination, of these techniques, given a constraint matrix.
 It is a research tool capable of exploring and evaluating the e ect of varying parameters in the algorithms, the value of new enhancements to the algorithms and
the possibility of constructing hybrids of the algorithms.
 The system has proved an invaluable research tool in evaluating the diculty of
particular frequency assignment problems. A combination of theory, developed in
the course of the project, and the use of the algorithms, sometimes produces better results than the use of the algorithms alone. The theory may give useful lower
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bounds to the number of frequencies required. The con gurations used to obtain
these lower bounds, usually but not exclusively involving sets of mutually interfering transmitters, may sometimes be assigned either manually or by alternative
methods. The assignments can then be extended to assignments of the complete
problem using the system.
In particular, the advances in the second year were as follows:

 The software produced at the end of the rst year did not have a user friendly







interface. Consequently, to enhance its usability an interface that runs under
Windows 95, Windows NT and Windows 3.11 has been developed using Borland
Delphi. The command line interface is still being supported, in particular for Unix
type operating systems.
Two new methods have been created, which incorporate an ecient and easy to use
minimum span frequency assignment algorithm. Simulated Annealing and Tabu
Search were optimised for this procedure.
A starting le, important for minimum span frequency assignment problems, can
also be used to signi cantly improve the performance for xed spectrum problems.
The approach of combining theoretical lower bounds with the algorithmic approach is further developed. The aim of this approach is to substantially enhance
the performance of the local search algorithms in dealing with global diculties,
and to provide measures of how good the solutions are. One manifestation of
these diculties is the clique. A clique is a maximal set of mutually interfering
transmitters. Cliques can be de ned for several levels of interference. If the large
cliques are not assigned frequencies in an ecient way, then the whole assignment
cannot be made eciently. Clique detection software has been incorporated into
the system, together with other software that can determine structures that are
similar to cliques. The system has been modi ed so that the clique structures can
be assigned independently of the complete problem. The assignment can then be
extended to the complete problem. For the purpose of determining lower bounds
it is possible to capitalise on well developed software used in Operational Research
to solve moderately sized cases of the so called travelling salesman problem (which
involves nding a path which connects all nodes (or cities) and which has minimum
distance).
Some empirical results for the classi cation of problems have been obtained. A theoretical outline has been presented and preliminary results in classifying constraint
matrices into three groups have been encouraging.
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1.4 Recent Publications
Full details of the work carried out in the rst year of the contract are contained in the
reports by Smith, Hurley and Thiel [43, 44]. Also, the second year interim report is
available [45].
Preliminary results of our work have been presented in Philadelphia at the ACM symposium on Applied Computing [24].
A complete overview of lower bounding techniques in frequency assignment has been
presented in [41]. This paper is to appear in the journal Discrete Mathematics. Continuing this theme, a paper describing how lower bounds and critical subgraphs can
be used to improve heuristics for the frequency assignment process has been submitted
for publication [42]. Also, a paper describing the importance of the initial ordering of
vertices in the maximum clique algorithm has been submitted [49].
Finally, a paper describing FASoft and its functionality as a frequency assignment
system [22] has just been accepted for publication in Radio Science subject to some
revisions.
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2 The Frequency Assignment Algorithms
In this section the various frequency assignment algorithms are introduced. All the
algorithms are incorporated in FASoft [22, 46].

2.1 Sequential Assignment Methods
Sequential assignment methods are greedy methods which consist of three main steps
or modules based on the work which appeared in [20]. First, the transmitters are listed
in some speci ed order and then the rst transmitter is assigned to frequency one.
Second, the next transmitter to be assigned is selected (which may di er from the initial
ordering). Finally, the selected transmitter is assigned to a selected frequency. Several
options are available for each module. By using di erent options in each module a total
of 64 di erent sequential methods can be obtained for assignment.

 Initial Ordering.
{ Largest degree rst (LF1). The transmitters are listed in decreasing order of

their degree (i.e. number of incident edges in the constraint graph).
{ Largest degree rst (LF2). Again the transmitters are listed in decreasing
order of their degree but this time the calculation of the degree excludes
the transmitters that have already been ordered (and therefore have been
removed from the constraint graph together with all incident edges).
{ Smallest degree last (SL). This time the transmitters of smallest degree are
removed from the constraint graph. When all the transmitters have been
removed the list is then reversed to give the nal ordering. A number of
references have reported that the smallest last ordering requires fewer frequencies than the largest rst ordering.
All of the above orderings use the degree of a transmitter (i.e. the number of
incident edges of the corresponding vertex in the constraint graph) to calculate an
ordering. Additional orderings can be formed by using, instead, the generalised
degree of each transmitter. This takes into account the weight of the edges incident
to any transmitter i.e. it takes into account the severity of the constraints. The
generalised degree of a transmitter is calculated as the sum of all weights on all
edges incident with the transmitter. Therefore, we have the following additional
initial orderings
{ Generalised largest rst (GLF1).
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{ Generalised largest rst (GLF2).
{ Generalised smallest last (GSL).
In situations where each transmitter i, (i = 1; : : : ; N ) has its own frequency domain
Di (with cardinality jDij), an alternative way to order the transmitters is to consider the domain sizes. Let the union domain, D be de ned as D1 [ D2 [ : : : [ DN .
Two options are available:
{ Size of domain (SD). The transmitters are listed in increasing order of their
domain cardinality.
{ Size of domain and generalised degree (SDG). Associate with each transmitter
i a value xi where

xi = jDj ; jDij + generalised degree of transmitter i
The transmitters are listed in decreasing order of the values xi, (i = 1; : : :; N ).
 Selecting the next transmitter.
{ Sequential (S). Select the next unassigned transmitter in the list generated
by the initial ordering.
{ Generalised saturation degree (GSD). Let V be a set of transmitters and Vc
be the transmitters of V already assigned frequencies. Frequency n is said
to be denied to the unassigned transmitter v if there is a transmitter u in
Vc assigned to frequency n such that transmitter v and u would interfere i.e.
assuming an edge exists between u and v in the constraint graph then there
is insucient frequency separation between them. If frequency n is denied
to transmitter v, the in uence of frequency n, denoted by Inv , is the largest
weight of any edge connecting v to a transmitter assigned to frequency n.
The number
X
Inv
(where the sum is taken over all frequencies n denied to v) is called the generalised saturation degree of v . The technique for selecting the next transmitter
is as follows: Select a transmitter with maximal generalised saturation degree
(break ties by selecting the transmitter occurring rst in the initial ordering).
This technique attempts to assign frequencies to a large weighted clique rst
and can only be used when all frequency domains are equal.
 Selecting a frequency.
{ Smallest acceptable (SAF). The simplest technique is to assign the selected
transmitter v to the smallest acceptable frequency i.e. the lowest numbered
frequency to which v can be assigned without violating any constraints.

2.2 Exhaustive Search
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{ Acceptable occupied (AOF). The selected transmitter is assigned any accept-

able occupied frequency (no ordering of the occupying frequencies occurs),
if there is no acceptable occupied frequency, assign the transmitter to the
smallest acceptable frequency.
{ Smallest acceptable occupied (SAOF). This technique attempts to minimise
the number of frequencies used in the assignment. The selected transmitter
is assigned to the smallest acceptable occupied frequency, if there is no acceptable occupied frequency, assign the transmitter to the smallest acceptable
frequency.
{ Smallest acceptable most heavily occupied (SAHOF). The selected transmitter
is assigned to the smallest acceptable most heavily occupied frequency, if there
is no acceptable occupied frequency assign the transmitter to the smallest
acceptable frequency.
Sequential methods are useful in that they provide solutions to the minimum span
problem within a reasonable amount of time (typically seconds or minutes). Even though
the span of the assignments is usually suboptimal, in some cases they are surprisingly
good. However, a sequential algorithm that performs well on one problem does not
necessarily give the best span (or even a reasonable span) on another problem. It is also
dicult to assess which sequential algorithm will perform well on a speci ed problem.
Therefore we nd that the best way to proceed is to try all possible combinations of
options within each module. (This gives 48 possible sequential algorithms when all
frequency domains are the same). The assignment with the best span is then chosen.
More importantly for the work presented in this paper, sequential methods provide a
zero violation assignment which is used as the starting point to the minimum span
algorithms based on simulated annealing and tabu search.

2.2 Exhaustive Search
The incorporation of exhaustive search techniques into an heuristic system is important
to enable veri cation of the meta-heuristics on small problems. Exhaustive search techniques are able to nd solutions given a certain frequency span or alternatively prove
that such a solution does not exist. For large problems (large not only refers to the
number of transmitters but also the density and complexity of constraints) exhaustive
search techniques are impractical. In our experience some 30 transmitter problems are
already too dicult, whereas sometimes 50 transmitter problems are relatively easy to
solve.
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For a very small problem size, about 20 transmitters or less, the exhaustive search
techniques are sometimes even quicker in providing a solution than heuristic algorithms.
An added bonus is that exhaustive search techniques can prove optimality.
Generally, a non-intelligent exhaustive search algorithm would be required to check
(number of frequencies) to the power of (number of transmitters)
assignments. Exhaustive search techniques try to reduce this number, while keeping low
overheads. In the following, the two techniques, which are incorporated into FASoft,
backtracking and forward checking are described. The implementation of the methods
follows the structure outlined in [36].
Backtracking
Backtracking is the simplest exhaustive search technique. Sequentially the transmitters
are assigned frequencies 1. The rst frequency d1 from the domain D will be assigned to
transmitter i, i.e. fi = dk ; k = 1. The backtracking algorithm then checks for constraint
violations with all already assigned transmitter frequencies fj ; 8 j < i. If there is no
violation, the algorithm moves on to the next transmitter. This is called a forward move.
If there is a violation, the algorithm checks the next frequency in the domain. This means
that the next frequency is selected from the domain and assigned to transmitter i, i.e.
fi = dk+1 . If all frequencies from the domain D have been unsuccessfully assigned the
forward move fails and the algorithm backtracks from the previous transmitter i ; 1.
If the algorithm, in its simplest form, backtracks to the rst transmitter and all frequencies for the rst transmitter have already been tried, the algorithm terminates, therefore
proving that an assignment with the speci ed frequencies and constraints is not possible.
Forward Checking
In contrast to backtracking, forward checking moves forward only when it already knows
that this move will not violate any previous assigned transmitters. For this purpose it
requires the use of a current domain Dc instead of the usual domain D. The current
domain is initially set to the usual domain, Dc = D. When one frequency fi is selected
from the current domain, all constraints with future transmitters have to be examined
and violating frequencies will be deleted from the current domains Djc ; j > i. This assures
that when assigning a frequency to a transmitter it does not violate any constraints with
already assigned transmitters.
The initial ordering of the transmitters can a ect the runtime of both the backtracking and forward
checking algorithms. In FASoft the transmitters can be ordered using any of the techniques outlined
in section 2.1
1

2.3 Simulated Annealing
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A backward move is necessary, when a transmitter assignment empties the current domain of a future transmitter, Djc = ;; j > i. The algorithm backtracks exactly as with
the above backtracking technique, however the current domains must be restored to the
state before the rejected frequency was assigned. This requires that during the forward
move the deleted frequencies must be stored in a stack to be retrieved later.
In comparison, forward checking is more work intensive than backtracking, however it
fails earlier and thus greatly reduces the number of checked assignments compared with
the simpler backtracking technique.

2.3 Simulated Annealing
Simulated annealing (SA) is a stochastic computational technique derived from statistical mechanics for nding near globally-minimum-cost solutions to large optimisation
problems. In many instances, nding the global minimum value of an objective function with many degrees of freedom subject to con icting constraints is an NP-complete
problem, since the objective function will tend to have many local minima. A procedure
for solving optimisation problems of this type should sample the search space in such a
way that it has a high probability of nding the optimal or a near-optimal solution in a
reasonable time. Over the past decade or so, simulated annealing has shown itself to be
a technique which meets these criteria for a wide range of problems.
The method itself has a direct analogy with thermodynamics, speci cally with the way
that liquids freeze and crystallise, or metals cool and anneal. At high temperatures, the
molecules of a liquid move freely with respect to one another. If the liquid is cooled
slowly, thermal mobility is restricted. The atoms are often able to line themselves up
and form a pure crystal that is completely regular. This crystal is the state of minimum
energy for the system, which would correspond to the optimal solution in a mathematical
optimisation problem. However, if a liquid metal is cooled quickly i.e. quenched, it does
not reach a minimum energy state but a somewhat higher energy state corresponding,
in the mathematical sense, to a suboptimal solution found by iterative improvement or
hill-climbing.
In order to make use of this analogy with thermodynamical systems for solving mathematical optimisation problems, one must rst provide the following elements:
1. A description of possible system con gurations, i.e. some way of representing a
solution to the minimisation (maximisation) problem, usually this involves some
con guration of parameters X = (x1; x2; :::; xN ) that represent a solution.
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2. A generator of random changes in a con guration; these changes are typically
solutions in the neighbourhood of the current con guration, for example, a change
in one of the parameters, xi.
3. An objective or cost function E(X) (analogue of energy) whose minimisation is
the goal of the procedure.
4. A control parameter t (analogue of temperature) and an annealing schedule which
indicates how t is lowered from high values to low values e.g. after how many
random changes in con guration is t reduced and by how much?
Metropolis, Rosenbluth, Rosenbluth, Teller and Teller [32] rst introduced principles of
these kinds into numerical minimisation. Given a succession of moves (i.e. neighbouring con gurations), a simulated thermodynamical system was assumed to change its
con guration from energy Eold to energy Enew with probability
prob = e(;(Enew;Eold)=Bt)
(the so-called Boltzmann distribution) for a xed t and B known as the Boltzmann
constant. If Enew < Eold then the new con guration has a lower energy state than
the old one and the system always accepts this move. If Enew > Eold then the new
con guration may still be accepted with probability prob (0 < prob < 1) and thus
help the system jump out of a local minimum. This general scheme, of always taking a
downhill step while sometimes taking a uphill step is known as the Metropolis Algorithm.
The simulated annealing procedure of Kirkpatrick, Gelatt and Vecchi [26] uses the
Metropolis Algorithm but varies the temperature parameter t from a high value (system
at "melting point" i.e. accept most new con gurations) to a low value (system at "freezing point" i.e. accept no new con gurations). The full SA procedure for minimisation
is described in Figure 1 (for maximisation set E = ;E ):
where NUMloop is the number of random changes in con guration at each temperature
t and is chosen so that the con guration has reached a minimum energy state for the
current temperature. The variable random is a randomly generated number in the range
[0,1].

2.3.1 SA Implementation for Frequency Assignment
Cost (Fitness) Function
The tness function, E , minimised by the simulated annealing procedure is formulated
so that several factors can be minimised:

13

2.3 Simulated Annealing
Initialise t
Generate random con guration Xold
WHILE t > tmin DO
FOR i = 1 to NUMloop DO
generate new con guration, Xnew , from Xold
calculate new energy, Enew
calculate E = Enew ; Eold
IF E < 0 or random < prob = e;E=t THEN

Xold ( Xnew
Eold ( Enew

END IF
END FOR
reduce t (e.g. t = 0:9t)
END WHILE
Figure 1: The SA procedure

 number of violated constraints, evio
 the sum of the amounts by which each constraint is violated, esum
 the di erence between the largest frequency, flarge, and the smallest frequency,
fsmall, used
 number of distinct frequencies used, eorder
 the largest frequency used, flarge
 the largest of the constraint violations, lvio
Therefore we minimise

E = 1evio + 2esum + 3(flarge ; fsmall) + 4eorder + 5flarge + 6lvio
where the i are weights, which can include 0, that re ect the relative importance of the
various factors. For example, a solution which has four violations i.e. evio = 4 with the
sum of the constraint violations equal to four i.e. esum = 4 (one for each of the violated
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constraints) would be considered more useful than a solution which has one violation
i.e. evio = 1 but a constraint violation sum of 4 i.e. esum = 4. The practical analogy
is that in the former case the resulting plan will have an assignment which has a small
amount of interference for a small number of nodes, while the latter will contain perhaps
two nodes which severely interfere with each other. In addition to the i weights, the
di erent types of constraint can also be weighted to re ect their relative importance, e.g.
satisfying the co-site frequency separation constraints is more important than satisfying
the adjacent channel constraints and so would be given a higher weight.
This cost function is used as the basis for evaluating the quality of solutions in all the
algorithms used in FASoft. Generally the rst two factors are the most important.
Representation of an Assignment
A frequency assignment f = (f1; : : :; fN ) is represented using an array of indexes
[x1; : : :; xN ] where fj = dxj for 1  j  N . To illustrate this consider a problem which
has six transmitters (numbered 1,2,...,6) and three frequencies are available fd1; d2; d3g.
The assignment (3,1,2,3,3,1) would indicate that transmitter 1 is assigned frequency d3,
transmitter 2 is assigned frequency d1 and so on up to transmitter 6 which is assigned
frequency d1.
Generation of New Con gurations
Three di erent generators can be used to produce a new assignment from the current
assignment.
Single Move

Here the neighbours of f are those assignments where the array of indexes di ers in
precisely one component. Thus if f 0 is represented by [x01; : : :; x0N ] then f 0 = (f10 ; : : : ; fN0 )
is a neighbour of f if there exists j , 1  j  N , such that x0j 6= xj , and for all i = 1; : : : ; N
with i 6= j we have x0i = xi.
Any assignment f has N (Ffixed ; 1) neighbours. Each neighbour corresponds to a pair
(j; x0j ) with 1  j  N , 1  x0j  Ffixed, (x0j 6= xj ).
Double Move

Here the neighbours of f are those assignments where the array of indexes di ers in
precisely two components. If f 0 is represented by [x01; : : : ; x0N ] then f 0 = (f10 ; : : : ; fN0 )
is a neighbour of f if there exists j1 and j2, 1  j1; j2  N , such that x0j 1 6= xj 1 and
x0j 2 6= xj 2, and for all i = 1; : : : ; N with i 6= j1 or j2 we have x0i = xi.
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2

;1)
Any assignment f has N !(2!(Ffixed
N ;2)! neighbours. Each neighbour corresponds to two pairs
(j1; x0j 1) and (j2; x0j 2) with 1  j1; j2  N , 1  x0j 1; x0j 2  Ffixed, (x0j 1 6= xj 1 and x0j 2 6=
xj 2).

Restricted Single Move

Let tv be the number of transmitters in an assignment f which are assigned frequencies
that violate one or more of the constraints. Denote such transmitters as violating transmitters. The restricted single move generator involves randomly selecting a violating
transmitter i and setting xi = x0i where 1  x0i  Ffixed.
Starting and nishing temperatures
The starting temperature is determined by rst setting t0 = 1 and performing 100
iterations of the FOR loop from the main loop of the above algorithm. If the acceptance
ratio, , de ned as the number of accepted trial assignments divided by 100 (NUMloop),
is less than 0.9, double the current value of t0. Continue this procedure until the observed
acceptance ratio exceeds 0.9 (with  reinitialised to zero prior to starting the FOR loop).
The algorithm terminates when the temperature, tk , falls below tmin (user speci ed) or
the number of frozen temperatures exceeds a user speci ed value, usually 10. A frozen
temperature occurs when no new assignments are accepted for a given temperature tk
(i.e. after NUMloop iterations of the FOR loop).
Annealing Schedule (reduction of tk )
Three annealing schedules are included in FASoft. In all three cases the parameter
NUMloop is set to N , the number of transmitters.
Cooling 1 (geometric):

With a simple cooling scheme tk is reduced according to the formula:

tk+1 = tk ;

with 2 [0; 1]

Cooling 2 (Costa [8])

The geometric scheme (cooling 1) decreases the temperature by the speci cation of the
parameter ; the number of iterations at each temperature is xed at N . In the cooling
2 scheme, the temperature reduction is again speci ed by the parameter , however the
number of iterations at each temperature is speci ed by
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Nk+1 = dNk = e

(up to a maximum of 2000N ), where N0 = N , the number of transmitters.
As the temperature decreases the number of trial assignments tested at each temperature
increases. This scheme was found to be particularly e ective in [8].
Cooling 3 (Hurley and Smith [23]):

A more complex scheme (slower but gives better results) is when the parameter tk is
calculated using:

!;1
ln(1
+

)

t
k
tk+1 = tk  1 + 3(t )
k
where  is set to 0.1 and
1
(tk ) = NUM

loop

where

 = NUMloop 

NUM
Xloop 
i=1

Ei


k 2

p
 

0NUMloop 12
X kA
;@
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i=1

and where Ei k is the cost function value for the assignment obtained at iteration i, at
temperature tk .

2.4 Tabu Search
Tabu search (TS) was rst suggested by Glover [15] and since then has become increasingly used. It has been successfully applied to obtain optimal or sub-optimal solutions to
such problems as scheduling, timetabling, travelling salesman and layout optimisation.
The basic idea of the method, described by Glover, Taillard and de Werra [16], is to
explore the search space of all feasible solutions by a sequence of moves. A move from
one solution to another is the best available. However, to escape from locally optimal
but not globally optimal solutions and to prevent cycling, some moves, at one particular
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iteration, are classi ed as forbidden or tabu (or taboo). Tabu moves are based on the
short-term and long-term history of the sequence of moves. A simple implementation,
for example, might classify a move as tabu if the reverse move has been made recently
or frequently. Sometimes, when it is deemed favourable, a tabu move can be overridden.
Such aspiration criteria might include the case which, by forgetting that a move is tabu,
leads to a solution which is the best obtained so far.
Formally, tabu search is applied to an optimisation problem. Suppose h is the realvalued objective function on a search space S and it is required to nd s 2 S such that
h(s) has minimal value. For combinatorially hard problems, this requirement needs to
be relaxed to nding s 2 S such that h(s) is close to the minimal value (a sub-optimal
value). Sub-optimal problems may be obtained by halting when a certain threshold for
an acceptable solution has been achieved or when a certain number of iterations have
been completed.
A characterisation of the search space S for which tabu search can be applied is that
there is a set of k moves M = fm1; ::::; mkg and the application of the moves to a feasible
solution s 2 S leads to k, usually distinct, solutions M (s) = fm1(s); ::::; mk(s)g. The
subset Nset(s)  M (s) of feasible solutions is known as the neighbourhood of s.
The method commences with a (possibly random) solution s0 2 S and determines a
sequence of solutions s0; s1; ::::; sn 2 S . At each iteration, sj+1(0  j < n) is selected
from the neighbourhood Nset(sj ). The process of selection is rst to determine the tabu
set Tset(sj )  Nset (sj ) of neighbours of sj and the aspirant set Aset(sj )  Tset(sj ) of tabu
neighbours. Then sj+1 is the neighbour of sj which is either an aspirant or not tabu and
for which h(sj+1 ) is minimal; that is, h(sj+1 )  h(s0) for all s0 2 (Nset (sj ) ; Tset(sj )) [
Aset(sj ). A more formal description of tabu search can be found in Figure 2.
generate initial solution s
WHILE not nished
Identify Nset (s)  S . (Neighbourhood set)
Identify Tset(s)  Nset(s). (Tabu set)
Identify Aset(s)  Tset(s). (Aspirant set)
Choose s0 2 (Nset(s) ; Tset(s)) [ Aset(s), for which h(s0) is minimal.
s = s0.
END WHILE
Figure 2: The TS procedure
Note that, it is possible, and even desirable to avoid convergence at a local minimum, that
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h(sj+1) > h(sj ). The conditions for a neighbour to be tabu or an aspirant will be problem
speci c. For example, a move mr may be tabu if it could lead to a solution which has
already been considered in the last q iterations (short-term memory) or which has been
repeated many times before (long-term memory). A tabu move satis es the aspiration
criteria if, for example, the value of h(s0) with s0 2 Tset(sj ) satis es h(s0) < h(si) for all
i, 0  i  j .

2.4.1 Tabu Search Implementation for Frequency Assignment
Here we describe how the tabu search procedure has been implemented for the frequency assignment problem. We explain the representation of assignments, the notions
of neighbourhood and move and how short and long term memory are measured.
Representation of an Assignment and Neighbourhood Structure
As in the simulated annealing algorithm a frequency assignment f = (f1; : : : ; fN ) is
represented using an array of indexes [x1; : : :; xN ] where fj = dxj for 1  j  N .
Full Neighbourhood

This includes all the neighbours of an assignment f produced by using the single move
generator described for the simulated annealing algorithm. Thus, for tabu search this
involves calculating N (Ffixed ; 1) neighbours at each iteration.
Restricted Neighbourhood

The full neighbourhood is generally too large for it to be practical for it to completely
searched for at each iteration. To reduce the neighbourhood, similar steps to those
used by Bouju et. al. [5] are incorporated. Therefore, this neighbourhood consists of all
neighbours of an assignment f produced by using the restricted single move generator
described for the simulated annealing algorithm. This increases the eciency of the
algorithm since this restricted neighbourhood will tend to be much smaller than the full
neighbourhood (tv (Ffixed ; 1) compared to N (Ffixed ; 1)). However, if the restricted
neighbourhood consists of moves which are tabu and do not satisfy the aspiration criteria,
the full neighbourhood will be selected for this iteration.
Restricted Random Neighbourhood

Here the neighbourhood of an assignment f consists of N neighbours. Each neighbour
in the neighbourhood is generated by randomly selecting a violating transmitter and
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randomly assigning a di erent frequency.
De nition of a Tabu Move: Short and Long Term Memory

A move to a neighbour (i; x0i) corresponding to changing the assignment of transmitter
i to x0i is said to be tabu if it does not satisfy the short term or long term memory
condition. These conditions are determined by two numbers: a positive integer r and
a real number , where 0 < < 1. The short term memory condition speci es that
any transmitter, i, cannot be assigned the same frequency over any of the previous r
moves. The long term memory condition speci es that the proportion of the number
of times transmitter i had been changed over all iterations does not exceed . Thus, if
at iteration j , the frequency dxij assigned to transmitter i has changed, then a move at
iteration k + 1 is tabu if either (short term memory)

dxik+1 = dxi t

where k ; r < t  k

or (long term memory)
k
1 X
k j=1;ij =ik+1 1

>

At each iteration, the method selects from the non-tabu neighbours that neighbour f (k+1)
of f (k) for which E (f (k+1)) is minimal (E as de ned above). Note that it is possible that
E (f (k+1)) > E (f (k)); this allows escape from local minima.
Tabu search allows a tabu move to be selected when certain aspiration criteria are
satis ed. In our implementation, a tabu move is selected if the neighbour f (k+1) satis es

E (f (k+1))  E (f 0)
for all neighbours f 0 of f (k) and

E (f (k+1)) < E (f (j))

8 j; 1  j  k:

To summarise, if ftabu denotes the best tabu neighbour of f (k) and fnon the best non-tabu
neighbour, then the rule for determining f (k+1) is
if E (ftabu) < E (fnon ) and
E (ftabu) < E (f (j)) for 1  j  k
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then f (k+1) = ftabu
else f (k+1) = fnon

Notice that there are some implicit relations between the parameters r and which have
to be satis ed. If r > N or < 1=N , then, after N non-tabu moves, every move is tabu.
Also, after k iterations of non-tabu moves, it follows from the recency condition that a
transmitter can have changed at most dk=re times. Hence, the long term memory value,
to have any e ect, should satisfy
k < dk=re
We obtain, therefore, a relation between r and which is
1=N   1=r
In practice, we choose

= =r + (1 ; )=N
for some value of  with 0    1.
In FASoft, the default values for the short term memory and long term memory conditions are r = 25N and  = 0:5 respectively.
The algorithm is terminated if zero interference has been obtained or if we reach a predetermined maximum number of iterations. We then produce an assignment with the
lowest measure of interference.

2.5 SA and TS Implementation for Minimum Span Frequency
Assignment
The above implementations of simulated annealing and tabu search have been described
in relation to xed spectrum frequency assignment i.e. given a xed number of frequencies, minimise the cost function E . An alternative formulation, which is based on the
work of Costa [8], uses hybrid SA/sequential and TS/sequential algorithms for minimum
span problems.
Unlike the standard algorithms given earlier for xed spectrum frequency assignment,
which generate a random assignment, the starting point for minimum span assignment is
any no-violation assignment usually generated by one of the sequential algorithms. The
system then reassigns all transmitters which are assigned to the highest used frequency,
to a randomly chosen smaller frequency. That is, it deletes the highest frequency from
the frequencies available for use. This step will generally introduce a small number of
violations, but preserves some features present in the original assignment. The next
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step then involves using SA or TS (the components of each algorithm are the same as
in xed spectrum assignment) to nd a valid assignment with no violations using the
reduced frequency domain. Once this is achieved, the assignment found is taken as the
start assignment and the process starts again. The loop terminates, when the heuristic
is unable to reduce the number of violations to zero. Therefore, the assignment taken as
the start assignment in the previous iteration contains the best zero violation assignment
found.
The structure of the minimum span algorithms are as follows:
Step 1:. Generate a no-violation assignment e.g using a sequential method. Say this
assignment has span q.
Step 2:. Transmitters assigned with frequency q are randomly assigned a frequency < q.
This will normally introduce constraint violations.
Step 3:. Perform an SA or TS xed spectrum algorithm to eliminate the constraint
violations introduced in Step 2 i.e. nd a zero violation assignment with span q ; 1.
The cost function is de ned by 1 = 3 = 4 = 5 = 6 = 0 and 2 = 1.
Step 4:. If a zero violation assignment is produced in Step 3, set q = q ; 1 and go to
Step 2. If there are constraint violations then output q as the best span obtained and
its assignment.
Neighbourhood

As already mentioned, in the minimum span implementation a valid assignment is reduced by one frequency and this generally introduces an assignment with a few constraint
violations. It is inecient to change frequencies for transmitters which are not involved
in violations. We therefore limit the choice of transmitters to only those, which violate
the assignment. In particular, for all the test examples, given later, we select neighbours
using the restricted single move for simulated annealing and using the restricted random
neighbourhood for tabu search. Selecting neighbours in this way increases the eciency
of the algorithms, and also increases the chances that the good features already present
in the starting assignment remain intact.
Minimum span frequency assignment results can be found in sections 5.2 and 5.3.
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2.6 Genetic Algorithms
Genetic algorithms have been proposed by Holland [21] to mimic some of the processes
of natural evolution and selection. In nature, each species needs to adapt to a complicated and changing environment in order to maximise the likelihood of its survival.
The knowledge that each species gains is encoded in its chromosomes which undergo
transformations when reproduction occurs. Over a period of time, these changes to the
chromosomes give rise to species that are more likely to survive, and so have a greater
chance of passing their improved characteristics on to future generations. Of course, not
all changes will be bene cial but those which are not tend to die out.
Holland's genetic algorithm attempts to simulate nature in the following manner. The
rst step is to represent a solution to the problem by a string of genes that can take
on some value from a speci ed nite range or alphabet. This string of genes, which
represents a solution, is known as a chromosome. Then an initial population of legal
chromosomes is constructed at random. At each generation, the tness of each chromosome in the population is measured (a high tness value would indicate a better solution
than a low tness value). The tter chromosomes are then selected to produce o spring
for the next generation, which inherit the best characteristics of both the parents. After many generations of selection for the tter chromosomes, the result is hopefully a
population that is substantially tter than the original. The theoretical basis for the
genetic algorithm is the Schemata Theorem [21], which states that the individual chromosomes with good, short, low-order schemata or building blocks (i.e. bene cial parts
of the chromosome) receive an exponentially increasing number of trials in successive
generations.
All genetic algorithms consist of the following main components:
Chromosomal Representation
Each chromosome represents a possible solution to the problem and is composed of a
string of genes. The binary alphabet f0,1g is often used to represent these genes but
sometimes, depending on the application, integers or real numbers are used. In fact,
almost any representation can be used that enables a solution to be encoded as a nite
length string.
Initial Population
Once a suitable representation has been decided upon for the chromosomes, it is necessary to create an initial population to serve as the starting point for the genetic algorithm. This initial population can be created randomly or by using specialised, problem
speci c, information. From empirical studies, over a wide range of function optimisation
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problems, a population size of between 30 and 100 is usually recommended.
Fitness Evaluation
Fitness evaluation involves de ning an objective or tness function against which each
chromosome is tested for suitability for the environment under consideration. As the
algorithm proceeds we would expect the individual tness of the "best" chromosome to
increase as well as the total tness of the population as a whole.
Selection
We need to select chromosomes from the current population for reproduction. If we
have a population of size 2n, the selection procedure picks out two parent chromosomes, based on their tness values, which are then used by the crossover and mutation
operators (described below) to produce two o spring for the new population. This selection/crossover/mutation cycle is repeated until the new population contains 2n chromosomes i.e. after n cycles. In tness proportional selection [17] the higher the tness
value the higher the probability of that chromosome being selected for reproduction; i.e.
for a chromosome x, its probability of selection is given by:
tness of x
total population tness
Crossover and Mutation
Once a pair of chromosomes has been selected, crossover can take place to produce
o spring. A crossover probability of 1.0 indicates that all the selected chromosomes
are used in reproduction i.e. there are no survivors. However, empirical studies have
shown that better results are achieved by a crossover probability of between 0.65 and
0.85, which implies that the probability of a selected chromosome surviving to the next
generation unchanged (apart from any changes arising from mutation) ranges from 0.35
to 0.15. Three of the standard crossover operators are one point, two point and uniform.
Details of the implementation of these operators for frequency assignment will be given
later.
If we only use the crossover operator to produce o spring, one potential problem that
may arise is that if all the chromosomes in the initial population have the same value at
a particular position then all future o spring will have this same value at this position.
For example, if all the chromosomes have a 0 in position two then all future o spring
will have a 0 at position two. To combat this undesirable situation a mutation operator
is used. This attempts to introduce some random alteration of the genes e.g. 0 becomes
1 and vice versa. Typically this occurs infrequently so mutation is of the order of about
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one bit changed in a thousand tested. Each bit in each chromosome is checked for
possible mutation by generating a random number between zero and one and if this
number is less than or equal to the given mutation probability, e.g. 0.001, then the bit
value is changed.
This completes one cycle of the simple genetic algorithm. The tness of each chromosome
in the new population is evaluated and the whole procedure repeated, (Figure 3). In
Figure 3, nished indicates either an optimal or suitable suboptimal solution has been
found or the maximum number of generations has been exceeded.
Generate random population
REPEAT
evaluate tness of current population
select chromosomes, based on tness, for reproduction
perform crossover and mutation to give new improved population
UNTIL nished
Figure 3: The GA procedure

2.6.1 Genetic Algorithm Implementation for Frequency Assignment
Representation of Chromosomes
The length of each chromosome is equal to N , which corresponds to the number of
transmitters to be assigned a frequency. The value of each element in the chromosome
is an integer corresponding to a frequency,

f1 f2 f3 : : : : : : fN
where fi represents the frequency assigned to transmitter i.
Initial Population
The initial population of chromosomes is set up randomly i.e. for each chromosome each
transmitter within the chromosome is assigned a random frequency from the available
set of frequencies.
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Genetic Operators: Crossover and Mutation

Crossover operators combine characteristics of two parent structures to form two similar
o spring. The representation used above for the chromosomes allows the use of standard
one-point, two-point and uniform crossover operators.
One-Point Crossover - randomly select a crossover position and crossover the tails:

f1 f2 f3 f4 f5 n= f6 f7
g1 g2 g3 g4 g5 n= g6 g7

parent 1
parent 2

+

f1 f2 f3 f4 f5
g1 g2 g3 g4 g5

g6 g7
f6 f7

child 1
child 2

Two-Point Crossover - similar to one-point only this time two positions are randomly
chosen and the middle section is interchanged:

f1 n= f2 f3 f4 f5 n= f6 f7
g1 n= g2 g3 g4 g5 n= g6 g7

parent 1
parent 2

+

g1
f1

f2 f3 f4 f5
g2 g3 g4 g5

g6 g7
f6 f7

child 1
child 2

Uniform Crossover - This is the most generalised crossover operator and generates a
mask for each application of the operator. This mask determines from which parent the
genetic material (frequency) is taken for each gene (transmitter number):

f1 f2 f3 f4 f5 f6 f7
g1 g2 g3 g4 g5 g6 g7
1 0 1 1 1 0 1

parent 1
parent 2
mask

+

f1 g2 f3 f4 f5 g6 f7
g1 f2 g3 g4 g5 f6 g7

child 1
child 2
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In addition to the three standard crossover operators, o spring can be generated by
using heuristic crossover operators i.e. by using simulated annealing, tabu search or
hill-climbing.
The operation of the heuristic crossover operators is straightforward:
1. Two parent chromosomes are selected using the selection routine. Say these are
represented by:

f1 f2 f3 f4 : : : fN
g1 g2 g3 g4 : : : gN
2. Next, depending on which option was selected, a standard simulated annealing,
tabu search or hill-climbing procedure is carried out to produce the best or near
best single o spring, where the domain of each transmitter i; (i = 1; :::; N ); is restricted to the two frequencies assigned to transmitter i in the parents, i.e. ffi; gi g.
Thus, one of the o spring is the best or near best chromosome where each transmitter frequency is restricted to one used by its parents. The second o spring is
the complement of the rst o spring.
Mutation acts as a background operator and introduces new genetic material into the
population of chromosomes. Mutation is at random, according to a prescribed rate; an
element of a chromosome is replaced by a random, allowable, frequency.
In order to give the genetic operators an added e ectiveness, a quick hill-climb (see
section 2.8) can be performed on each o spring after the crossover and mutation. The
quick hill-climb procedure modi es the current o spring to a neighbouring o spring
with lower cost. In contrast to 1-opt hill-climb (see section 2.8) it stops immediately
after a neighbour that has a lower cost is found. This does not guarantee to nd the
best neighbour, but it is signi cantly faster than the 1-opt hill-climb and is a useful
improvement compared with the original o spring.

2.7 Pyramid Genetic Algorithm
This pyramid genetic algorithm (PGA), the basis of which was developed at the University of Limberg [47], starts with a population size which is a power of two. It sorts
the elements of the population in nonincreasing order of their tness (i.e. cost function
value) and applies the crossover to the pairs of solutions consisting of an odd element
and the next even element in this ordering. Only the best o spring of every crossover
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is transferred to the next population. Therefore the size of the population is halved in
every generation of the algorithm. The algorithm stops when there is only one solution
in the population. This solution is the output of the algorithm.
The crossover operators available are the same as those outlined in section 2.6.1 for
the standard genetic algorithm, including the heuristic crossover operators. The only
di erence is that in the pyramid genetic algorithm the population elements are ordered
and the parents are selected as indicated above.

2.8 Hill Climb Algorithms
1-Opt Hill-Climb
The starting point of the procedure is generated by assigning each transmitter a randomly chosen frequency from D. The cost function value (interference) of this assignment is then calculated. A neighbouring assignment is generated by assigning the rst
transmitter the frequency d1 (provided it was not initially assigned this frequency) and
the interference calculated. If it is lower than the previous assignment it is kept and the
next frequency d2 is tried (provided it was not assigned initially). This is continued until
all frequencies have been assigned and tested. At this point the second transmitter is
assigned the frequency d1 (again provided it was not assigned this frequency initially),
and the interference calculated and compared. This procedure continues until nally
the last transmitter is tried with the frequency dFfixed (provided it was not assigned
initially).
The whole procedure is started again. Termination of the algorithm occurs when no
improvement is made in the interference level on one complete pass through all the
transmitters i.e. a local minimum has been located. Formally it can be described as
follows:
Step 1. Randomly assign each transmitter i, (i = 1; :::; N ) a frequency, fi , that is uniformly distributed from the set of available frequencies D. Call this assignment Z and
calculate E (Z ), the interference as calculated from the cost function E . An alternative
starting point is an assignment, Z, obtained from a di erent technique e.g. a genetic
algorithm.
Step 2. If E (Z ) = 0, stop, the current assignment is feasible. Otherwise, set i = 1 and
set Ebest = E (Z ).
Step 3. Set j = 1.
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Step 4. If fi = dj goto Step 5. Otherwise generate an assignment Z 0 by assigning
transmitter i the frequency dj . Calculate E (Z 0), if E (Z 0) < E (Z ) replace Z with Z 0 and
set E (Z ) = E (Z 0).
Step 5. If E (Z ) = 0, stop, the current assignment is feasible. If j < Ffixed, set j = j + 1
and goto Step 4.
Step 6. If i < N , set i = i + 1 and goto Step 3. If i = N and E (Z ) < Ebest goto Step 2.
Otherwise, stop: The current assignment, Z, is locally minimal with cost Ebest .

Quick Hill Climb
The quick hill climb procedure is obtained if the above procedure is terminated as soon
as an improved solution has been found (with a maximum of a single pass through the
1-opt procedure i.e. with Steps 1-6 executed only once). The procedure starts with a
randomly chosen transmitter and executes a complete pass of the transmitters starting
from this point.

2.9 Hybrid Methods
All of the methods presented can be used to solve frequency assignment problems. However, FASoft has been developed so that methods can be combined in a variety of ways
to form hybrids. In particular the output from one method can form the starting point
of a di erent method. For example, the best assignment from a genetic algorithm could
be re ned using a local search algorithm such as simulated annealing and tabu search.
Also, we have already discussed the use of heuristic crossover based on SA or TS, in
genetic algorithms. This usually outperforms the standard crossover operators but has
the drawback of being more computationally intensive.
The combination of sequential methods and SA or TS, for minimum span problems
described in section 2.5, is a particular e ective combination. However, this form of
hybrid can also be used for xed spectrum problems. Assume, for example, it was
required to minimise the amount of interference in a network which has available q + 1
frequencies. The following procedure could be used to produce an assignment:
Step 1. Perform the SA or TS minimum span algorithm (section 2.5). This produces a
zero violation assignment with span p. If p  q then stop, this assignment is within the
required span; otherwise goto Step 2.
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Step 2. Starting from the solution found in Step 1, reassign each transmitter assigned a
frequency > q + 1 with a random frequency  q + 1. Use the xed spectrum simulated
annealing algorithm (section 2.3.1) or the xed spectrum tabu search algorithm (section
2.4.1) to minimise the number of constraint violations; after termination the best solution
found is output as the best assignment with span, q. This step is automated in FASoft
in the exible use of a start le (section 4.4).

This procedure generally produces an assignment with a smaller number of constraint
violations than would have been obtained by minimising the number of constraint violations using only the xed span available from the start (see section 5.4).
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3 Lower Bounds and Clique Methods
For some problems only a relatively small number of transmitters limit the assignment
to its lowest possible span. These transmitters can be used to obtain lower bounds and
guide the frequency assignment process.

3.1 Lower Bounds
The formulation of the frequency assignment problem requires that each transmitter
be assigned a frequency. The frequencies are grouped into a number of equally spaced
discrete channels and each pair of potentially interfering transmitters must be separated
by a given number of channels, in order to avoid interference. It is usually stated as a
generalised graph colouring problem [9, 10, 19, 27, 34, 37, 38, 40, 52]. The transmitters
are vertices of a graph and the frequencies are treated as a set of colours.
A constraint graph G is a nite, simple, undirected graph with each edge labelled with
an integer in the set f0,1,...,Lg. Let V = V (G) denote the vertex set of G.
Let T0; T1; :::; TL be sets of non-negative integers with 0 2 T0 and T0  T1  :::  TL:

De nition 1 A frequency assignment in G is a mapping f : V ! F (where F is a set
of consecutive integers 1,2,. . . ,K+1) such that if edge (vj vk ) is labelled i then

jf (vj ) ; f (vk )j 62 Ti:
The elements of F are referred to as frequencies. K is referred to as the span of the
assignment. In this paper we shall only consider the case when Ti is a set of consecutive
integers f0,1,...,ig, although other cases can sometimes arise.

De nition 2 If K is a minimum over all feasible assignments then the assignment is a
minimal assignment. This minimal value of K is called the minimal span, and denoted
sp(G).

A fuller account of lower bounds for frequency assignment problems can be found in
[41]. Further bounds for cellular problems can be found in [13]. We describe the simpler
bounds from [41] and refer the reader to [41] for proofs.
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De nition 3 A clique in G is a maximal complete subgraph of G. If Cp is a clique in
G with the label of each edge of the clique being at least p, then Cp is called a level-p
clique.

Proposition 1 If G is a level-p clique Cp then
sp(G)  (p + 1)(jV (Cp)j ; 1):
Construct a weighted complete graph G0 with the vertices of G as vertices. The weights
w(vivj ) of the edges are de ned as follows:

w(vivj ) = 0 if (vivj ) is not an edge of G;
w(vivj ) = s if the edge (vivj ) has a label s ; 1 in G (s = 1; 2; :::):
Let H (G0 ) denote the length of the shortest Hamiltonian path in G0.

Proposition 2
sp(G)  H (G0 ):
Let S (G0) denote the total weight of a minimal weight spanning tree in G0. A Hamiltonian path is a spanning tree and so we have H (G0)  S (G0).

Proposition 3
sp(G)  S (G0):
Proposition 3 is normally weaker than Proposition 2, but has the advantage that S (G0)
can be calculated by a greedy algorithm [35].
Other bounds, which are relaxations of the bound given by Proposition 2 can sometimes
be obtained by integer programming methods [25]. Currently they are never stronger
than the bound of Proposition 2, but they are easier to calculate for cellular frequency
assignment problems.
It is important to realise that the bounds of Proposition 3 and Proposition 2 may be very
weak when applied to the whole constraint graph. Often they give a lower bound of 0.
Typically they are applied to a level-p clique for some p or to a subgraph obtained from
such a clique by adding a small number of additional vertices. As a valid assignment of
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G gives a valid assignment of any subgraph of G, the minimal span of G cannot be less
than the minimal span of a subgraph G0 of G [41].
A number of distinct types of frequency assignment problem arise in practice. There
may be a large number of low powered, relatively close transmitters, possibly arranged
in a cellular system. There may be one transmitter per cell or there may be a demand
vector describing the number of transmitters located at the centre of each cell. A second
type of problem is concerned with a network of xed links, typically of length 20km.,
with directional antennae. A third type of problem consists of a small number of high
powered transmitters, with gaps in coverage lled by a larger number of low powered
transmitters. All of these problems can be represented by the formulation in de nition 1.
However, in the case of a regular lattice of hexagonal cells with one transmitter per cell
it may not be sensible to work with a constraint graph alone, and ignore information on
the regularity of the geometry. Methods more appropriate to this case can be found in
[30, 29]. On the other hand, when there is more than one transmitter per cell and the
number of transmitters per cell is not constant, we shall see that the methods described
here may be the more appropriate.
It is known from the theory of graph colouring that there exist constraint graphs with
no large cliques (in fact with no triangles) with arbitrarily large span [11, 33]. However,
in a typical frequency assignment problem of one of the types described above, large
cliques tend to occur. Such cliques, and related structures which we shall refer to as
\near cliques", may or may not determine the minimal span of the constraint graph.

3.2 Heuristic Algorithms for Frequency Assignment
FASoft [22, 46] is capable of nding good frequency assignments by a number of heuris-

tic and other methods. Problems which are suciently small can be solved exactly by
backtracking or forward checking [36] with a number of di erent orderings of transmitters
possible (section 2.2). Assignments can always be found quickly with one of a number of
di erent sequential (i.e. greedy) algorithms (section 2.1). The orderings of transmitters
and of frequency channels proposed by Hale [20] are incorporated. Better assignments
can usually be found by heuristic methods. The methods incorporated include a number
of variations of simulated annealing (section 2.3 and 2.5), tabu search (section 2.4 and
2.5) and genetic algorithms (section 2.6 and 2.7).
A key feature we will need for the approach presented here is the ability to specify
a starting assignment. This may either be complete, with all transmitters assigned a
frequency, or partial. Additionally, transmitters which have been assigned a frequency
may have the frequency xed. One advantage of this facility is that the system can be
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interrupted at any time and the best assignment found so far is stored. This assignment
can then be used as a starting assignment for the same or a di erent method. Thus
hybrids of the various methods are easily constructed (section 2.9). Our concern here
is with a di erent use of the starting assignment facility. Subgraphs of the constraint
graph can be assigned rst. The assigned frequencies are then xed and the assignment
is extended to an assignment of the full constraint graph. We shall see that in some circumstances a much better assignment can be found using this approach than is possible
using any of the heuristics directly.

3.3 Using Cliques and \Near Cliques"
We use the largest level-p clique for some p as a starting con guration. The clique is
assigned using FASoft, the assignment is xed and an attempt is made to extend the
assignment to the full constraint graph G. If the span of the assignment of G is not
close to the span of the clique, vertices are successively added to the clique to create a
\near clique" and the process is repeated. Let t denote a threshold value, representing
the maximum acceptable di erence between the span of the assignment of G and the
span of the subgraph assignment. Let U (X ) denote the subgraph of G induced by a set
X of vertices. Let L(C ) denote the best lower bound found from a subgraph C and let
s(C ) denote the span of the assignment of C . Then we have the procedure described in
Figure 4.
We now amplify the description of the various steps in the procedure. In order to carry
out step 1 we nd the maximum level-p clique in the constraint graph for each p 2
f0; 1; : : : ; Lg. FASoft contains an implementation of the maximum clique algorithm
due to Carraghan and Pardalos [6]. Although the maximum clique problem is NPcomplete (see [14] for a heuristic algorithm), we have found that the Carraghan and
Pardalos algorithm works well for typical frequency assignment problems. For example,
the largest level-p cliques for p 2 f0; 1; 2; 3g in a 726 transmitter problem can each be
found in at most a few minutes on a 133MHz Pentium PC, although it is important that
a good ordering of vertices is used or the run time can be excessive (section 3.4).
The value of p such that the largest level-p clique should be chosen for C0 is usually best
selected by choosing the level-p clique that gives the best lower bound available. In order
to do this, and to compute lower bounds later in the procedure, either Proposition 3 or
Proposition 2 can be used. An implementation of Prim's Algorithm [35] allows the bound
of Proposition 3 to be found immediately. The more accurate bound of Proposition 2
requires the solution of an open symmetric travelling salesman problem. Let C 0 be the
weighted graph obtained from C as described after Proposition 1. We have used the
method of Volgenant and Jonker [50] applied to C 0. In most cases we have studied, the
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C

Choose a starting clique 0;
OUTPUT lower bound
0;
Assign clique 0 heuristically;
Fix the assignment of 0 and
extend it heuristically to an assignment of ;
OUTPUT
;
old
0;
;
0
;
new
WHILE new
AND new
old LOOP
;
old
new
where
is a set of
one or more vertices selected to add to ;
Assign
heuristically;
OUTPUT lower bound
;
Fix the assignment of
and
extend it heuristically to an assignment of
OUTPUT
;
;
new
END LOOP;
OUTPUT best assignment of ;

C

L(C )
C

s(G)
 := s(G) ; s(C )
C := C
 := s(G) ; s(C )
 >t
 
 := 
C := U (V (C ) [ W )
W
C



L(C )
C

s(G)
:= s(G) ; s(C )

- -STEP 1
- -STEP 2

G

- -STEP 3

C

- -STEP 4
- -STEP 5

G;

- -STEP 6

G

Figure 4: The procedure for improving heuristic results using cliques
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Volgenant and Jonker method either gives the exact bound of Proposition 2, or a narrow
range within which the bound lies. Thus in this latter case it gives a bound which may
be slightly weaker than the bound of Proposition 2.
As already mentioned FASoft contains all the necessary facilities for carrying out steps
2, 3, 5 and 6. For step 4 we use the following method of adding vertices to C0 or to C ,
in order to create a subgraph which we shall refer to as a near clique.

De nition 4 Let Q be a subgraph of G. Consider a xed domain F of frequencies
and let f : V (Q) ! F be an assignment of Q. Let this assignment of Q be xed.
If v 2 V (G) n V (Q) then certain frequencies in F cannot be assigned to v because of
constraints represented by edges vw with w 2 Q. We refer to the set of frequencies that
can be assigned to v as the reduced frequency domain of v (with respect to the assignment
of the subgraph).

Given the clique C0 (or current near clique C ) determine the reduced frequency domain
of each vertex. Choose the vertex (or vertices) with the smallest reduced frequency
domain and add it (or them) to the current clique or near clique.
Ideally the procedure terminates with  = 0 and s(G) = L(C ). Sometimes s(G) becomes
larger than can be obtained directly using heuristic methods. In this case the procedure
is not useful for determining an assignment, but may still lead to a useful lower bound.
If the clique is not a signi cant determinant of the span, xing the assignment of the
clique may reduce the freedom of the heuristic algorithm with no consequent bene t.
In section 5.3 we will give some examples in which optimal assignments can be found
using this approach, where they cannot be obtained by a direct application of any
heuristic we have tried.

3.4 The Use of Orderings for the Maximum Clique Problem
The maximum clique problem is to nd the largest maximal complete subgraph of G.
The maximum clique problem has been shown to be NP-complete [6]. Carraghan and
Pardalos proposed an exact algorithm [6]. They suggested an initial ordering of the
vertices of the graph, but recommended using the ordering only for graphs with an
edge density greater than 40%. The graphs used in their evaluation contained up to
3000 vertices and edge densities ranging from 10% to 90%. All graphs were randomly
generated.
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Here, we use the Carraghan and Pardalos algorithm and investigate the e ect of di erent
initial orderings on the clique produced and the run time of the algorithm. In contrast to
[6] the algorithm was tested on data generated from real frequency assignment problems
[49].
Di erent initial orderings have been used in the sequential (greedy) assignment of radio
frequencies for some time and, generally, di erent orderings can produce results which
vary considerably. We will use the same orderings as those presented by Hale [20] and
already introduced earlier (section 2.1):
LF1, LF2, SL, GLF1, GLF2, GSL

The ordering used by Carraghan and Pardalos [6] was generalised smallest rst, which
is GSL in reverse order. We will consider twelve di erent initial orderings, the six given
above together with the reverse orderings in each case. All the orderings have been
compared with each other and also with the use of no ordering.
For the implementation of any exhaustive search the notion of failing [36] is important:
Failing occurs when the algorithm is unable to include any more vertices and therefore
prunes the search tree. This removes the last included vertex from the clique.
In any exhaustive search it is desirable that the algorithm should fail as early as possible,
because then the pruning is more e ective and a large part of the search tree can be
deleted. The aim of a maximum clique algorithm is to nd a largest clique. It is
bene cial to rst check vertices having few edges, as the algorithm is then able to fail
early. Therefore, it can be expected that reverse ordering, where vertices with smaller
degrees are listed rst, would outperform non-reverse ordering in terms of run time.
We have found in our tests [49], that the type of ordering is important. It not only
in uences the run time but also the nature of the clique. Our results agree with Carraghan and Pardalos [6] in the choice of GSL with reverse ordering. Ordering with GSL
in reverse has been shown to be the most suitable for large problems. Results have
con rmed that using a reverse order outperforms using no ordering and a non reverse
ordering.
For small problems however, the di erences are not so clear. Di erent orderings can
result in a di erent clique of same size being found. It can be bene cial, to use LF1 or
GLF1 to obtain the clique which has the maximum number of constraints (i.e. edges)
with the remainder of the graph. It can be expected, that such a clique is more bene cial
in the clique approach, as more constraints with the remainder of the graph should make
it easier to extend the clique to the full problem. However, the process of nding the

3.4 The Use of Orderings for the Maximum Clique Problem

37

largest clique with LF1 or GLF1 will have a longer run time than with any of the reverse
order methods.
A more detailed description of the process and the full results regarding the maximum
clique algorithm can be found in [49].
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4 Advances to the Software
In the second year, several signi cant improvements to the frequency assignment software
FASoft have been incorporated. Although the rst year was mainly concerned with the
development of the heuristics used for frequency assignment, ongoing research has meant
a continuing updating of FASoft and the development of other miscellaneous support
routines to enable work on special types of problems. This continual updating has meant
that more time than originally planned was used for development, however this has
enabled the research to be performed in a much more e ective way. The breakthrough
in obtaining a high proportion of optimal minimum span results (section 5.2 and 5.3)
would not have been otherwise possible.
The four most signi cant changes to the software are:
1. The development of a Windows interface.
2. A stronger focus on the assignment of minimum span problems as opposed to xed
spectrum problems.
3. The incorporation of clique oriented routines.
4. More exible use of the start le.

4.1 The User Interface
The main program of FASoft and the 4 clique orientated routines clique1, clique2,
clique3 and coma2tsp have been converted into a Windows interface.
The Windows interface enables the user to become familiar with the system much more
easily. Also, the FASoft user interface makes it possible to provide the user with
appropriate help at the click of a button.
The Windows interface requires either Windows 95 or Windows NT or alternatively
DOS with Windows 3.11 and the 32 bit extension Win32s. The command line version
will continue to be the main interface for UNIX based systems.
The Windows interface is developed using Borland Delphi, with `C' being the programming language for the command line interface and the program code for the heuristic
routines. On UNIX based systems the software was developed using `C' only.

4.2 Minimum Span Frequency Assignments
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4.2 Minimum Span Frequency Assignments
FASoft was initially developed from research on xed spectrum problems. This meant

that the work on minimum span problems involved a high amount of user interaction,
and executing a large number of runs. Furthermore, the algorithms themselves were
optimised towards xed spectrum problems and therefore the results obtained were
sometimes unfavourable when compared with alternative techniques that have appeared
in the literature. These two shortcomings have now been eliminated by incorporating
into FASoft techniques developed from those presented by Costa [8].

Firstly, two new methods have been created, using simulated annealing (SA) and tabu
search (TS) respectively. Apart from the chosen heuristic, the methods are identical in
that they incorporate an ecient and easy to use minimum span frequency assignment
algorithm. Both methods start with a given zero violation assignment. This start assignment can either be speci ed using the start le capability of the system (section 4.4) or
found directly using one or a combination of sequential algorithms. The system then reassigns all transmitters which are assigned to the highest used frequency, to a randomly
chosen smaller frequency. Thus, it deletes the highest frequency from the frequencies
available for use. This step will generally introduce a small number of violations, but
preserves some features present in the original assignment. The next step then involves
using one of the heuristic methods (SA or TS) to nd a valid assignment with no violations using the reduced frequency domain. Once this is achieved, the assignment found
is taken as the start assignment and the process starts again. The loop terminates,
when the heuristic is unable to reduce the number of violations to zero. Therefore, the
assignment taken as the start assignment in the previous iteration contains the best zero
violation assignment found (section 2.5).
Secondly, the heuristics were optimised for performing this procedure. As already mentioned a valid assignment is reduced by one frequency and this generally introduces an
assignment with a few violations. It is, of course, not very ecient to change frequencies
for transmitters which are not involved in those violations. We therefore limit the choice
of transmitters to only those, which violate the assignment. This not only speeds up the
assignment process, but also increases the chances that the good features already present
in the starting assignment remain intact. One of the heuristics, tabu search, can further
be speed optimised by including only a randomly chosen subset of the neighbourhood.
These two major changes have considerably enhanced the system into an even more
e ective and easy to use frequency assignment system.
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4.3 Working with Cliques
For some problems only a relatively small number of transmitters limit the assignment
to its lowest possible span. It can be dicult to assign these problems when using
FASoft on the whole problem. This is because, due to their random nature, the
heuristics employed in FASoft do not necessarily concentrate on the transmitters which
are dicult to assign.
Generally, the dicult transmitters form a clique (fully connected subgraph). It is
therefore important to be able to extract cliques and attempt to assign the transmitters
contained in the clique, before trying to solve the whole problem (section 3.3).
We have implemented an exact clique nding algorithm, based on the work of Carraghan
and Pardalos [6], in a separate routine clique1, which also generates a constraint matrix
containing only the transmitters contained in the clique. The problem of nding a largest
clique is NP-complete [6] and therefore can be impractical, especially for large problems
(more than 400 transmitters). It is normally bene cial to order the transmitters in the
same way as used for sequential algorithms to speed up the search process. This is
now implemented in the clique nding algorithm. With the best ordering chosen, the
procedure has found the maximum clique in all problems attempted, with up to 726
transmitters. Run times are normally a matter of minutes.
We have also developed two more executables (clique2 and clique3) to enhance the
e ectiveness of FASoft. The procedure used is as follows:
1. Use clique1 to nd the largest clique and to generate a sub constraint matrix
containing only the transmitters in the clique.
2. The transmitters in the sub constraint matrix should then be assigned. This can
be done using FASoft.
3. clique2 can then be used to create a start le, where all the transmitters in the
clique are xed to their frequency in the previous assignment (from step 2).
4. FASoft can then be used to assign the complete problem.
5. If the clique needs to be extended, this can be done with a simple le manipulation
by hand. clique3 can then be used to create the sub constraint matrix containing
the additional transmitters. It is important at this stage, that the clique is extended sensibly. Frequency domains can help in this context. Transmitters, which
have only a limited number of frequencies available without causing constraint
violations, should be included rst, forming a \near clique".

4.4 Starting Assignments
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6. Continue from step 2, until an acceptable assignment is found.
It should be noted that the dicult transmitters generally provide good lower bounds
for the frequency assignment. Therefore, in step 2 the assignment should try to match
the best lower bound. clique1 and clique3 calculate automatically the minimum
spanning tree bound [41], using Prim's algorithm. Other lower bound techniques can
also be used at this stage.
Solutions for travelling salesman problems often provide good lower bounds for the
frequency assignment problem. There exists a TSP algorithm, developed by Volgenant
and Jonker [50], in the public domain2. This is a DOS executable called TSP1. We
have also written a program called coma2tsp, which converts a constraint matrix into
a format that can then be read by this exact TSP algorithm. It should be noted, that
a TSP algorithm can only in very special cases produce a valid frequency assignment.
However the solution obtained by an (exact) TSP algorithm is always a lower bound to
the minimum span required for a zero violation frequency assignment.
An additional improvement to the system is the incorporation of arc consistency. Arc
consistency is the reduction of the frequency domains for individual transmitters, so
that frequencies which would result in a constraint violation (i.e. with transmitters with
xed frequencies) are eliminated. Arc consistency is therefore important when there
are some transmitter frequencies xed, as in step 5 above. When arc consistency is
performed, the transmitter index and the size of domain is printed out on the screen
and this information is also stored in a le, having a default lename consisting of the
name of the constraint matrix with `dsz' as the extension. This is useful as the size of
domain is one feature used to determine which transmitters should be added to a clique
if step 5 (clique extension) is used.

4.4 Starting Assignments
The starting assignment has increased in importance. It is used extensively when working with cliques and can also be used in the loop for minimum span problems (section 4.2). There are two di erent formats for the start le; when it is the same format
as the assignment le there have been the following changes:

 Transmitter frequencies can now be xed in this format.
2

ftp://www.mathematik.uni-kl.de/pub/Math/ORSEP/VOLGENAN.ZIP
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 It is possible to use domains, which have a lower cardinality than the number

of frequencies given in the start assignment le. This enables the user to nd
lower span assignments then the one presented in the start le (section 2.9). The
transmitters, which have initial frequencies outside of the domain, will be assigned
to a random starting frequency and a warning will be printed.
 When not all transmitters are contained in the start le a warning is given. However, for those methods which require a complete start le an error is given and
the procedure terminates.

It seems reasonable to propose that globally dicult con gurations within the constraint
graph should be assigned rst; they cannot be satisfactorily handled late in the assignment process. The basic idea we have described in section 3.3 is that the con gurations
(i.e. subgraphs) used to obtain the lower bounds described in section 3.1 and [41] may
be precisely the con gurations that should be assigned rst. It is important that the
con gurations correspond to strong lower bounds. If con gurations are used that are
not determinants of the span of the assignment then the con guration could have negative bene t. The freedom available to the heuristic algorithm could be reduced without
attacking the real global diculty in the problem.
Once a good assignment of a good con guration is found (using sequential methods,
or heuristic methods or if the problem is small enough exact methods) the assignment
is used as the starting point for any of the heuristic algorithms. We have found that
starting con gurations which are cliques or built from cliques produce good results.
Details of how these starting con gurations are generated and how they are extended
to an assignment of the full problem were given in section 3.3 and are also described in
[42].
The starting assignment can also provide valuable guidance for xed spectrum assignments. Obviously, when starting from a good initial con guration, the algorithm can be
expected to nd a good sub-optimal solution more easily. It is for example possible, to
take the best assignment for a zero violation minimum span model and then use this as
a starting con guration for the xed spectrum model, occupying a smaller span. The
frequencies which were used in the minimum span assignment but which are not present
in the frequency domain will then be reassigned randomly an alternative frequency. This
will obviously introduce initial assignment violations, but the results when using this as
a starting con guration can be much better (section 5.4).
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In this section we present the results obtained on a set of test data with simulated
annealing and tabu search. We do not provide results for genetic algorithms or hill
climbing, as their performance is poor relative to simulated annealing and tabu search.

5.1 Test Data
Firstly we want to introduce some test data, which we use throughout this results section.
Most of these les were already used in the Final Report Year 1 [44] or the Year 2 Interim
Report [45].

Test95
This is a 95 transmitter example which is typical of a military radio links problem. The
edge density is 25%. This constraint matrix contains variable co-site constraints, which
can be set individually for each run. Typical values used here for the co-site constraints
are 4, 5 or 10.

Test726
This is a 726 transmitter example from the same test set as Test95. It also contains
variable co-site values. We only examined Test726 with a co-site value of 4.

Philadelphia test les, Ph1 - Ph6
This example is based around the area around Philadelphia, PA and initially was presented in [3]. It is a relatively large example, but it has the advantage that it can be
described easily. The problem has been dealt with previously by several authors, particularly by Gamst [13] and it has been proposed to use this test set as a benchmark
for heuristic algorithms [42]. The Philadelphia problem contains of 21 cells located in a
hexagonal geometry as shown in Figure 5.
A requirement vector M is used to describe the demand for frequencies in each cell.
Thus, mi denotes the number of channels required by cell i. There are three di erent
requirement vectors:

M1 = (20; 20; 20; 20; 20; 20; 20; 20; 20; 20; 20; 20; 20; 20; 20; 20; 20; 20; 20; 20; 20)
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Figure 5: The cellular geometry of the Philadelphia problem

M2 = (5; 5; 5; 8; 12; 25; 30; 25; 30; 40; 40; 45; 20; 30; 25; 15; 15; 30; 20; 20; 25)
M3 = (8; 25; 8; 8; 8; 15; 18; 52; 77; 28; 13; 15; 31; 15; 36; 57; 28; 8; 10; 13; 8)
Transmitters are considered to be located at cell centres and the distance between transmitters in adjacent cells is taken to be 1. Denote by dk the smallest distance between
transmitters
p which
p can use
p frequencies with a separation of k channels. In this example
d0 = 12 or 7, d1 = 3, d2 = d3 = d4 = 1 and d5 = 0, so transmitters within the
same cell (co-sited transmitters) must be separated by at least 5 channels.
The three demand vectors together with two di erent values of d0 result in six variations
of the problem.

p
Ph1 uses M1 and d0 = p7
Ph2 uses M1 and d0 = p12
Ph3 uses M2 and d0 = p7
Ph4 uses M2 and d0 = p12
Ph5 uses M3 and d0 = p7
Ph6 uses M3 and d0 = 12
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Out of these examples Ph6 is most often quoted in the literature [3, 13, 22, 25, 28, 39,
42, 51].
We were also interested in how scaling a problem e ects the outcome of the frequency
assignment process. We used Ph6 as a starting point and scaled the demand vector M3.
The scaling factors used were 0:2, 0:4, 0:6 and 0:8 to obtain the smaller problems Ph62,
Ph64, Ph66 and Ph68. We also created larger problems (Ph6x2 and Ph6x4) by using
a scaling factor of 2 and 4. With the larger problems it is also important to observe if
the heuristics are still e ective because of the increased complexity. Ph6x4 for example
contains 1924 transmitters and requires 1,568,246 constraints to be solved. Ph6x4 is the
largest problem investigated in this report.

Bt 58 4
This example consists of an irregular network with 58 cells (base stations) each of which
has a trac demand equal to 4 (i.e. 232 transmitters need to be assigned, 4 transmitters
per cell). There are co-channel and adjacent channel constraints (2748 in total, giving
a constraint density of 10.2%). This example was used by Lochtie and Mehler to test a
neural net approach [31].

5.2 Minimum Span Results
The introduction of two new methods as described in section 4.2 has not only made
the system more user friendly when working with minimum span problems, but it also
improved the e ectiveness of the assignment process. In particular, the improvement
of the new tabu search loop procedure compared to the standard tabu search has been
signi cant.

Bt 58 4
Firstly we present some results for Bt 58 4. A neural network approach was used in [31]
and found a zero violation solution with a span of 28. An assignment with a span of
15 can be obtained with sequential assignments, using several combinations available.
Proposition 1 (section 3.1) gives a lower bound of 15. Therefore the assignment with
span 15, obtained with sequential algorithms, is optimal.

Test726
Secondly we want to present results on a far more dicult problem, Test726. The best
bound has span 181 and can be obtained using linear programming methods [2]. The
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best assignment we achieved has span 229 and is still some way from the best bound.
The best sequential result for Test726 has span 248 and can be improved to 246 with
the default SA loop and to 244 with the default TS loop (section 2.5 and [46]). We
continued to try to improve the result by using TS. If executed for 10000 runs a 236
assignment can be found. Alternatively increasing the `number of frozen iterations' to
4000, TS obtained a span of 238 with the default of 10 runs and the best known span
of 229 with 4000 runs. A summary of the results can be found in Table 1.
lower bound
SEQ
SA (default)
TS (default)
TS with 10000 runs
TS with frozen = 4000
TS with frozen = 4000 and 4000 runs
Table 1: The results of Test726

181
248
246
244
236
238
229

A comparison on how TS with the two di erent values for the `number of frozen iterations' decreases the span is shown in Figure 6. Run A uses 10000 runs and 1000 frozen
iterations. Fail A is when it unsuccessfully tries to decrease the span by one to 235. Run
B and Fail B are the plots for 4000 runs performing 4000 frozen iterations. The y-axis
is the span and the x-axis is the number of assignments tested, to give an indication of
the run time.
In Figure 7 the same graphs are plotted, but now in linear scale for the x-axis (number
of assignments tested). This gives a much better indication on the time it actually takes
to perform such long searches. One dash (5  109 assignments tested) is printed on the
x-axis after about 8 days of runtime on an Alpha 500/333 processor. Run A took about
14 hours to nd the 236 assignment, failing to improve on it after 16 days. Run B found
the 229 span assignment within 21 days and took another 21 days trying to improve on
it.
It can be seen that Test726 is quite a large and complex problem. It is dicult to
obtain a good bound and it is very time consuming to achieve a good minimum span
assignment. Clique methods (section 3.3) have so far been unsuccessful in obtaining a
better assignment.

5.2 Minimum Span Results

Figure 6: Test726 results in logarithmic scale

Figure 7: Test726 results in linear scale
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5.3 Minimum Span Results using Cliques
Test95
The optimal results for Test95, with co-site values of 10 and 5, can be achieved without
cliques. To obtain the bounds however, cliques are needed. Using co-site 10, the span 60
bound is the clique bound (Proposition 1, section 3.3) of 7 co-sited transmitters, which
form a level-9 clique. An assignment can be easily obtained with sequential algorithms.
The problem is a bit more dicult with co-site 5. The bound, based on Proposition 2
is 48 [44]. At the end of Year 1 [44] we could achieve the optimal assignment only with
clique methods. Now the tabu search loop starting from the best sequential assignment
of span 54 is able to obtain a span 48 assignment without using cliques.
The bound of 47 for Test95, with co-site value 4 can also be obtained from Proposition
2 when using the TSP algorithm of Volgenant and Jonker [50] on a level-1 clique C1
with 16 vertices. Thus, we select C1 and nd an assignment of span 47 using one of
our heuristic algorithms. However, this assignment, when the frequencies are xed,
does not extend to an assignment of the full constraint graph with span 47. In fact,
the assignment of C1 extends to an assignment with span 50. If we add the vertex of
smallest reduced frequency domain to C1 we obtain a \near clique" C10 with 17 vertices.
Again the Volgenant and Jonker algorithm gives a lower bound for the minimal span of
47 for C10 . An assignment of C10 with span 47 can be obtained heuristically. Now the
assignment of the near clique C10 , with all frequencies xed, does extend heuristically to
give an assignment of span 47 for the full 95 transmitter problem. This assignment is
thus of minimal span.
A summary of the results with Test95 can be found in Table 2.
co-site
4 5 10
bound
47 48 60
SEQ
51 54 60
SA
49 52 TS
49 48 with cliques 47 - Table 2: The results of Test95 with 3 di erent values for the co-site separation

Philadelphia test les
A summary of the results can be found in Table 3. Details on how these assignments
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were achieved are given below, starting with Ph6 to Ph1. This order was chosen because
Ph6, as already stated, is the most used Philadelphia example in the literature.
Ph1 Ph2 Ph3 Ph4 Ph5 Ph6
lower bound 178 239 252 257 426 426
SEQ
230 250 268 284 475 447
loop SA
200 239 259 260 438 428
loop TS
188 240 257 269 429 428
with cliques 179 - 252 257 426 426
Table 3: The results of the six Philadelphia examples

Ph6
The problem was described by Anderson [3] in 1973 and was also dealt with by Sivarajan,
McEliece and Ketchum [39]. Both papers quote a lower bound for the span of 413 and the
best assignment of span 444 is quoted in [13]. R. Leese (private communication) found an
assignment of span 427 by hand. An improved lower bound was rst obtained by Janssen
and Kilakos [25] using integer programming methods. They showed that sp(G)  426.
The result is more easily described using Proposition 2 and the Hamiltonian path that
gives the bound of the Proposition. Let Gs denote the subgraph of the constraint graph
induced by vertices representing transmitters in cells 2,3,8,9,10,16,17 and consider the
graph G0s . We will show that H (G0s )  426. G0s is complete with no edges of weight 0. It
has 275 vertices so the span is at least 274. There are no edges of weight 1 incident with
any vertex from cell 9. Thus the frequencies before and after any frequency assigned to
a vertex in cell 9 must be unoccupied. These unassigned frequencies are distinct if the
co-site value is at least 3. The minimum value of H (G0s ) occurs when the rst and last
frequencies are assigned to vertices from cell 9. Thus H (G0s )  274+75  2+2  1 = 426:
Thus the minimal span for the complete problem is not less than 426. The same result
holds if the co-site value is 3 or 4 instead of 5 (i.e. d4 = 0 or d3 = d4 = 0).
In attempting to nd a good assignment for this problem we proceed as follows. The
maximum clique algorithm [6] nds a maximal level-1 clique C1 whose vertices correspond to the transmitters in cells 8,9,16. (Clearly the largest level-2 and level-3 cliques
are the same and the largest level-4 clique consists of the 77 vertices corresponding to
cell 9. Proposition 2 gives a lower bound of 76  5 = 380). An assignment of C1 of span
414 can be found heuristically. If an attempt is made to extend this assignment the best
span found has span 451. A near clique can be built from C1 by adding successively
the vertices with smallest reduced frequency domain, which turn out to be the vertices
corresponding to cells 17, 2 and 15. An assignment of this 275 vertex near clique of span
426 can be found heuristically. This can then be extended using a heuristic algorithm to
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an assignment of the complete problem of span 426, which we know is minimal. The full
assignment is shown in [42]. Typically a direct application of the heuristic techniques
in FASoft without consideration of cliques gives an assignment of span 428 (which is
itself an improvement on previously published results).

Ph5
Here the method we have used for Ph6 to nd the lower bound remains valid, so the
span is again at least 426. As the constraints have been weakened, the same assignment
is still valid and we again have an assignment with a minimal span of 426. In either case,
it is possible to reduce the co-site value from 5 to 4 or 3 and, as previously mentioned,
the same bound still holds. These changes represent weakened conditions so the same
assignment is still valid and the minimal span is again 426.
It should be noted however, that as we can see in Table 3 both simulated annealing and
tabu search when applied directly to Ph5 obtain a higher span assignment than with
Ph6, which is more constraint problem.

Ph4
The level-0 clique corresponding to cells 2,3,4,8,9,10,11,16,17,18,20,21 gives a lower
bound sp(G)  257 with Proposition 1. However, it turns out that in this example
much of the diculty is with the cell of highest weight (cell 12), and it is better to start
with the same subgraph as in Ph3 below rather than the level-0 clique. An assignment
of the subgraph of span 255 can be found easily. This can be xed and extended to
an assignment of span 259 for the full constraint graph. Finally we found that if all
xed transmitters are un xed at this stage the span of the assignment can be reduced
to 257, which is also the lower bound. The full assignment is shown in [42]. The best
assignment we were able to nd without clique methods had span 260.

Ph3
In this example, our methods show that the minimal span is exactly 252. Let Gs denote
the subgraph of the constraint graph induced by vertices representing transmitters in
cells 4,5,10,11,12,18 and consider the graph G0s . The same method as used with Ph6,
with the central cell 11 in place of cell 9 shows that H (G0s )  (8 + 12 + 40 + 40 +
45 + 30 ; 1) + 38  2 + 2  1 = 252. Note that the same argument applied to cells
3,4,9,10,11,17,18 would give sp(G)  245. Because these two bounds are fairly close, it
turns out to be bene cial to start with the union of the two sets of transmitters (those
in cells 3,4,5,9,10,11,12,16,17,18), instead of a single clique. For this subgraph, one of
the heuristics will nd an assignment of span 253, but cannot nd an assignment of span
252, even if left to run for two days. In this case a manual intervention is required. The
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method used to nd the lower bound shows that the rst and last frequency must be
assigned to a transmitter in cell 11. In our rst attempt the assignment did not start
in cell 11. This was remedied by reducing the frequency assigned to each transmitter
by a xed value (in order to start the assignment in cell 11), xing the frequencies of
the transmitters in the allowable range and reassigning all transmitters outside of the
allowable range. An assignment of span 252 was obtained. If the assignment is xed it
is then easy to extend the assignment of span 252 to the complete constraint graph. The
full assignment is shown in [42]. The best assignment that we were able to nd without
clique methods had span 257.

Ph2
The optimal assignment of span 239 (level-0 clique) can be obtained using the simulated
annealing loop, starting with the best sequential assignment.

Ph1
Here it is quite easy to obtain a bound of span 177 [25]. It is possible to improve this
bound by one. The bound of 177 is e ectively a Hamiltonian Path bound (Proposition 2),
for example using cells 2,3,8,9,10,16,17. It can then be proven that it is not possible to
add all the remaining transmitters to achieve a valid assignment. We believe that the
bound is actually 179 and not 178, but this is very hard to prove.
An assignment of span 179 can be easily constructed by hand, however to achieve the
assignment of span 179 using heuristic methods is far more dicult. All 20 transmitters
from cell 9 have to be assigned and xed to frequencies 1; 10; : : : ; 172. This assignment
can then be extended to the cells 2,3,8,9,10,16,17. With this assignment xed the full
problem can then be assigned to the span of 179.

Ph6, scaled
For the scaled versions of Ph6, the results can be found in Table 4. With the scaled
down examples we have not tried to obtain optimal results using cliques, as Ph62 and
Ph66 already provided optimal results with the heuristics alone and the assignments for
Ph64 and Ph68 were only one o the best possible span.
Both simulated annealing and tabu search provide already very good assignments for
Ph6x2 and Ph6x4. The optimum can be obtained when using cliques. The strategies
used were similar to those already mentioned regarding Ph1 to Ph6.
Of course, the knowledge that Ph6x2 and Ph6x4 are scaled versions of Ph6 can also be
used to produce assignments. Repeating twice the span 426 assignment for Ph6 with
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Ph62 Ph64 Ph66 Ph68 Ph6x2 Ph6x4
lower bound 82 169 254 341 855 1713
SEQ
88 183 269 359 894 1729
loop SA
82 171 254 342 858
1724
loop TS
82 170 254 343 858
1724
with cliques
855 1713
Table 4: The results of the scaled Philadelphia examples

a co-site gap of 5 is immediately a valid span 857 assignment for Ph6x2. Similarly an
assignment of span 1719 for Ph6x4 can be achieved by repeating the Ph6 assignment 4
times. Alternatively the 855 span assignment of Ph6x2 can be used twice to produce a
1715 assignment for Ph6x4. However no such previous knowledge was used to produce
the results in Table 4.

5.4 Fixed Spectrum Results
Sometimes, when the available number of frequencies is limited to a certain span, lower
than the minimum bound required by the problem, the heuristics can take the xed
spectrum as input and try to minimise the violations or errors (section 2.3.1).
Here we want to minimise the errors, which gives the sum of the amount of each violation,
as opposed to simply the number of violations. The errors resemble more closely an
interference measure as required by a radio engineer.
We used the three test les Test95, Test726 and Ph6 to obtain results for data of varying
size and diculty. Previously when minimising the errors or violations the starting
con guration used was always a random assignment [44]. This is also the default in
FASoft. However this is not the only choice possible, for example [5] starts with an
assignment with all transmitters assigned to the same frequency. A third possibility of a
starting assignment is to use a known zero violation assignment of higher span and then
randomly reassigning the transmitters having frequencies outside the xed spectrum
available. This is very similar to the minimum span approach.
The ve di erent scenarios tested were:
1. Test95, co-site 5, best bound and best known assignment has span 48. The xed
spectrum was limited to a span of 39.
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2. As (1.) above with a xed spectrum of span 24.
3. Test726, co-site 4, best bound has span 181, best known assignment has span 229.
The xed spectrum was limited to a span of 174.
4. Ph6, best bound is 426 and best known assignment has span 426. The xed
spectrum was limited to a span of 399.
5. As (4.) above with a xed span of 199.
In each scenario we used three di erent starting con gurations: a random assignment,
an assignment with span 0 (using a single frequency) and the best (available) span
assignment. Simulated annealing and tabu search were used as the heuristics, with 2
di erent sets of parameters each. The rst parameter set for SA and TS were the default
parameters [46]. In the second parameter set for SA the starting temperature t start
was set to 0.1 to prevent SA from using high temperatures. In the second parameter
set for TS the number of frozen iterations was increased to 4000, because of the large
search space.
The results are summarised in Tables 5 to 9 and contain the errors of the best run and
also the average over all 10 runs. (10 is the default parameter for number of runs).
Also, in order to give an indication of the complexity of the problem and the di erent
run times for SA and TS the number of assignments tested were also printed. In real
processor times, the scenarios with Test95 take about 1 to 5 minutes on a 133MHz
Pentium, whereas the runtime with Test726 may take 1 to 5 hours.
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Starting Assignment
SA default

SA t start = 0:1

TS default

TS frozen = 4000

Random

One frequency

Best

Errors

18

18

16

Average
Tested

19.8
6 831 610

20.3
6 853 195

20.1
6 766 405

Errors

19

21

19

Average
Tested

22.6
5 877 430

24.2
5 702 585

21.2
5 715 532

Errors

19

17

18

Average
Tested

21.1
2 169 645

21.0
2 496 461

20.0
1 666 620

Errors

18

18

17

Average
19.2
20.2
Tested
7 377 035
6 675 700
Table 5: Test95, span 39

18.5
6 488 749
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Starting Assignment
SA default

SA t start = 0:1

TS default

TS frozen = 4000

Random

One frequency

Best

Errors

92

94

93

Average
Tested

96.4
8 385 896

98.9
8 158 903

97.9
8 145 193

Errors

97

94

98

Average
Tested

101.9
7 193 457

101.0
7 199 585

102.3
7 243 124

Errors

92

90

95

Average
Tested

98.1
2 411 706

96.3
2 301 615

98.9
1 844 276

Errors

91

88

89

Average
92.5
93.4
Tested
9 639 700
6 923 947
Table 6: Test95, span 24

92.9
8 155 315
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Starting Assignment
SA default

SA t start = 0:1

TS default

TS frozen = 4000

Random

One frequency

Best

Errors

352

377

359

Average
Tested

377.3
71 479 384

380.8
67 831 904

377.1
71 440 928

Errors

383

386

321

Average
Tested

397.7
58 505 944

404.6
58 639 815

344.2
63 540 387

Errors

386

361

337

Average
Tested

408.3
58 626 216

397.4
64 022 143

346.0
34 704 826

Errors

332

335

307

Average
358.6
351.5
Tested
164 463 322
158 110 736
Table 7: Test726, span 174

318.3
117 925 701
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Starting Assignment
SA default

SA t start = 0:1

TS default

TS frozen = 4000

Random

One frequency

Best

Errors

40

40

42

Average
Tested

44.1
25 896 827

44.6
24 610 280

45.8
26 026 482

Errors

51

53

31

Average
Tested

57.5
21 170 077

57.6
21 870 392

32.0
25 889 948

Errors

63

61

31

Average
Tested

69.8
26 498 251

68.2
23 304 291

32.9
12 037 220

Errors

59

57

30

Average
65.2
62.7
Tested
73 690 753
71 215 459
Table 8: Ph6, span 399

32.3
32 401 910

58

5 Frequency Assignment Results

Starting Assignment
SA default

SA t start = 0:1

TS default

TS frozen = 4000

Random

One frequency

Best

Errors

618

622

621

Average
Tested

628.6
42 223 315

631.2
40 540 514

628.2
42 406 954

Errors

632

630

612

Average
Tested

644.4
35 835 664

639.5
35 989 576

616.4
38 383 248

Errors

625

626

612

Average
Tested

647.2
31 471 088

654.7
28 661 348

618.2
18 578 689

Errors

627

622

606

Average
633.0
632.2
Tested
99 176 269
92 013 844
Table 9: Ph6, span 199

612.0
67 213 265
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We can see that the results when starting from a good zero violation assignment are
almost always better than starting from a random assignment or from an assignment
where all transmitters are assigned the same frequency. In simulated annealing it obviously makes sense to leave the default starting temperatures for random assignments, so
that annealing can slowly decrease the temperature from a high starting temperature.
However this is counter productive when a good starting con guration is used. In this
case, the annealing should start with a low value such as t start = 0:1, which is the
default [46] for the minimum span annealing algorithm.
The results indicate that tabu search outperforms simulated annealing, almost always
providing the best result. This sometimes meant a longer run time than with simulated
annealing, especially with Test726. It seems doubtful the simulated annealing even with
more runs or a longer annealing schedule, could improve signi cantly and achieve the
performance of tabu search. However, the occasional poor result of tabu search when
starting from a random assignment as in Figure 8 should be noted.
The errors indicated in the results table give a good comparison of simulated annealing
and tabu search using di erent starting con gurations. The results are probably not
the best xed spectrum assignments which can be achieved. For example the result on
Test95, span 39 can be improved from 17 to at least 15 when changing some tabu search
parameters, resulting in an increased run time. However, the challenge is to obtain
better results within a similar run time, testing a similar number of con gurations.
We also compared xed spectrum results obtained with FASoft with results by Castelino
and Stephens using a surrogate constraint & tabu threshold algorithm (SCTT) [7]. The
example problems are Test726 and 5 smaller instances from the same scenario. The
span for all examples was set to 49. A summary of the results is presented in Table 10,
where the numbers refer to the minimum number of violations and not to errors as with
Tables 5 to 9. A violation is a constraint, which has not been met, irrespective by the
amount it has been violated (error). It can be seen that FASoft is able to produce
better results (having less violations) without exception using run times which were at
least 50% shorter.

5.5 Guidance on the use of the Heuristic Algorithms
The results presented here give guidance on the use of the heuristic algorithms. If
possible, we always recommend starting from a good assignment. This is especially true
for minimum span assignments, but the bene ts for xed spectrum frequency assignment
are also apparent. Tabu search is normally the better heuristic, however the di erences
between simulated annealing and tabu search are not great. This is especially true for
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SCTT
Test252
9
20
Test282
114
117
Test410
361
365
Test450
130
171
Test490
585
615
Test726
1466
1472
Table 10: A comparison of results, span 49
FASoft

xed spectrum problems, whether any one of the algorithms is better depends mainly
on the problem.
The default parameters for both simulated annealing and tabu search work very well
with a large range of problems. The only parameters we recommend changing for simulated annealing are the starting temperature (set to 0.1 if a start le is used) and
possibly the number of runs. With an increase in the number of runs the search can
be more diversi ed, the overall run time increases or decreases proportionally. Similarly
we recommend a change in the number of runs for tabu search, if the time is available.
The only other parameter we recommend changing for tabu search is the `number of
frozen iterations'. Set to 1000, which is the default, it is possible to do several runs in a
very short time. For large problems however this value should be increased to 4000 to
take account of the increase in search space. All the available parameters are listed and
explained in detail in the FASoft User Manual [46].
The clique approach for minimum span frequency assignment problems is fairly automated (section 3.3 and [46]) and quite easy to perform. Sometimes however, in order to
obtain the very best minimum span assignment a certain amount of understanding of
the problem structure is required. A novice in frequency assignment might be unable to
perform such a task, as some knowledge in graph theory is essential.
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There are several approaches to classi cation and we examined two di erent ways. One
possible way to achieve classi cation is to use statistical features. Another way is to use
more problem speci c information contained within the constraint matrix, to achieve a
general description of problem classi cation.
All of the classi cation approaches considered here try to group problems, which are dened using constraint matrices, into mutually exclusive groups. An alternative approach
of assigning a value of diculty to a constraint matrix poses many more problems and
it is doubtful if the approach can be realised.
It should be stressed that all classi cation should be able to be done without signi cant
expensive computational work. Also it should be possible to classify a constraint matrix
before the full assignment process has started. This is important as it is hoped that
the classi cation can guide the user on which methods to try and use in order to obtain
good assignments.

6.1 Classi cation of Problem Diculty
In this report we have seen that the methods developed have proved very successful
in dealing with many real problems of frequency assignment. At the same time, there
remain some problems for which there is a large measure of uncertainty about how good
the assignments obtained are. The proportion of such problems can be expected to
increase as the number of transmitters increases above 800-1000.
It seems sensible to classify in terms of the methods described in this report. Whereas
the frequency assignment problem itself can be classi ed as NP-Hard, many problem
instances of moderate size can now be solved in a reasonable time. Any classi cation in
these terms which is method independent seems very hard to obtain. Note that here we
are only concerned with describing diculty using the constraint matrix formulation.
The principal advances in frequency assignment have been based on
1. A successful hybrid of sequential algorithms with tabu search (or simulated annealing);
2. Methods based on detecting a clique or near-clique, assigning it, xing the assignment and extending it;
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3. Generating lower bounds, particularly the TSP bound.
It can be observed that some problems are more amenable to this approach than others.
Indeed, even if the hybrid algorithm (item 1) is used without item 2, some problems
prove easier than others to obtain a reasonable solution.
It is not completely clear how diculty should be classi ed. We might consider:
1. Problems for which an optimal solution can be found and proved. Test95 and most
of the Philadelphia problems fall within this category. However, even in this case
there can be a considerable variation in the ease with which an optimal assignment
can be found and proved.
2. Problems for which a near optimal solution can be found and proved. Certainly for
one of the variants of the Philadelphia problem (Ph1, section 5.1), it is very easy
to nd an assignment that is within one channel of optimality. However closing
the gap appears to need a very dicult enumeration to improve the lower bound.
Strict optimality may be of more interest to the mathematician than the radio
engineer.
3. Problems for which there is a large uncertainty as to how far from optimal the
best assignment that can be found, such as for example Test726. However, this
case can be subdivided into problems for which an apparent reasonable solution
can be found easily and problems for which it seems hard to nd any reasonable
assignment.
One clear observation from our experience is that for cellular problems, or at least
problems for which the constraint values are very strongly correlated with distance, the
methods described in this report are successful. This is true either if there is a reasonably
dominant cluster of transmitters, or in the case of a regular layout, there is a demand
vector that describes a reasonably dominant cluster of demands. It has to be said that
some parts of the method may become less satisfactory above, say, 1000 transmitters.
On the other hand, for radio links problems where terrain e ects and directionality of
antennae make the correlation with distance less strong, it may be much more dicult
to prove optimality. In particular, the clique structure may be much more complex in
such problems, making the methods harder to apply.
It should also be noted that the TSP bound appears remarkably successful for cellular
problems. It may be much less suitable for other problems.

6.2 Sequential Algorithms and the Classi cation of Problems
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6.2 Sequential Algorithms and the Classi cation of Problems
During the course of this work di erent modules for sequential algorithms have been
developed (section 2.1). It is often best to use all possible sequential algorithms, in
order to achieve a good sequential assignment which can be used as an e ective starting
con guration for heuristic algorithms. This is important as the result of the sequential
algorithms (i.e. the span of an assignment) can vary considerably depending on the chosen module. In this section we investigate the relationship between the order transmitter
module and the type of problem.
We have run 24 di erent sequential algorithms on all the problems available to us. The
24 di erent sequential algorithms were the six di erent initial orderings combined with
the 4 di erent modules for selecting a frequency. The second module selecting the next
transmitter was not used as it is not de ned for all problems, such as those de ned in
CELAR Format [1], and also the run time can be prohibitive for large problems. The
test problems we used were:

 4 test cases we obtained from other researchers, for example Bt 58 4 (section 5.1).
 6 constraint matrices derived from a problem provided to us by the Radiocommu





nications Agency.
16 test cases, which stem from military radio links problems. Test95 and Test726
(section 5.1 are contained in this set.
regular hexagonal grid problems up to d2o = 12 (20 problems).
the 6 Philadelphia problems plus six scalings of the Philadelphia Ph6 problem
(section 5.1).
40 problems, where the constraint matrix was produced by a random number
generator.
5 cliques, the three level-0, level-1 and level-2 cliques of Philadelphia Ph6 and the
level-0 cliques for Test95 and Test726.

This data set comprises all test data available to us and is more extensive than the
typical examples introduced in the section 5.1.
We have run all the 24 di erent sequential algorithms in the order provided by FASoft
(600; 601; 602; 603; 500; : : : ; 103) [46] and noted the Initial Ordering module (section 2.1)
which rst found the best sequential assignment. We limited it only to the rst best
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assignment, as most of the time only one module produced the best assignment. The
Initial Ordering module refers to the numbers as follows: 6 - GLF1, 5 - LF1, 4 - GSF,
3 - SL, 2 - GLF2, 1 - GLF2.
We obtained the following results.

 Of the 4 test cases obtained from other researchers, one problem used ordering 6,








the others used ordering 3 and 4. The problem using ordering 6 is a very small
30 transmitter problem. The other 3 problems are larger and appear to us more
dicult in the sense that we are not able to nd a sub constraint matrix which
can be used for the clique method (section 3.3).
Of the 6 test cases, 4 used ordering 4, 2 used ordering 6.
The 16 test cases used only ordering 2,4 and 6.
The 20 hexagonal problems all used either 3 or 4 as ordering.
The random problems used all orderings, however ordering 1 was used twice and
ordering 5 only once.
All Philadelphia problems used ordering 2.
The 5 cliques used orderings 2 and 6.

In summary and by looking more closely at the di erent results from orderings of problems of a similar type type (or origin), we can note:

 ordering 1 and 5: These 2 orderings were only best with random data, and then

were only used 3 out of 40 times. These 2 orderings can be regarded as not very
good for frequency assignment problems.
 ordering 3 and 4: When the best ordering was 3 and 4 it does not seem to
be feasible to extract a sub problem which de nes the overall problem. These
orderings appeared for all hexagonal problems, and also, for example, for Test726.
 ordering 2: On problems using ordering 2 it can be expected that a sub problem
can be extracted. Ordering 2 was best on Test95 and all Philadelphia problems.
 ordering 6: With ordering 6 the problem is often easy to solve, for example the
problem with all constraints equal or some of the cliques.
In conclusions we nd a classi cation into 3 groups:
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 Orderings 1 and 5 are probably never good. This is a result concerning the development of sequential algorithms and does not help in the classi cation process.

 The hexagonal group:

Ordering 3 and 4 provide the best result, when the clique approach is unlikely to
work and the problems are similar or based upon hexagonal grid problems. If a
solution is desired it is recommended to let FASoft run directly on the problem.
Also, if the detailed structure of the origin of the constraint matrix is known, it
can be useful to use approaches similar to those use in the Successive Maximum
Repetition algorithm (SMR) as introduced by Leese [30].

 The direct group:

Problems with the best ordering 6 are more likely to be easy problems, where the
direct approach with FASoft might already provide a very good assignment and
possibly even the sequential assignments themselves are already very good.

 The clique group:

On problems with the best ordering 2 it is bene cial to try the clique approach.

We have found here some guidelines which provide help when a good assignment is sought
on a new problem. The only work which needs to be done, to obtain the classi cation
into one of the three groups is the run of several sequential algorithms. This is done
before any run of the heuristics and is not time consuming. This is recommended in
order to produce a good starting con guration for subsequent use by one of the heuristics
in any case.

6.3 Statistical Classi cation
Classi cation is often performed in two steps. The rst is the extraction of meaningful
features and the second is the classi cation into di erent groups by means of those features. The most important aspect in this strategy is the extraction of features. Without
them, any classi cation is impossible.
In frequency assignment, these features have to relate to the constraint matrix. This
immediately introduces some diculties regarding the available features.

 The problem which is immediately apparent is the need for features which are

invariant to the size of the matrix. Obviously, a frequency assignment problem
which has twice or four times the size of another problem (for example Ph6x2 and
Ph6x4 in respect to Ph6, see section 5.1) is more dicult to solve heuristically, as
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the search space dramatically increases. This increase in diculty however is not
based on any intrinsic change of the type of problem. These problems can still be
solved in the same way, the only change being a considerable increase in the run
time.
 A second problem is also connected with scaling. For example, simply multiplying
all values in the matrix (e.g. by multiplying all constraints by two) should not
result in a di erent classi cation result.
 Furthermore a simple change in ordering of the transmitters in the constraint
matrix just recreates the same problem. Several statistical classi ers could however
not cope with such a change.
There are not many statistical features which are invariant against the above mentioned
changes. For example the Energy, Entropy, Inertia, Local Homogeneity or Correlation
[48] which are often used in image processing (either directly or indirectly with a dependency matrix) to classify texture (i.e. the coarseness, smoothness, regularity), cannot be
used here. Also the use of rst and second order moments applied directly to the matrix
would not be invariant against the problems outlined above. However moments can be
used to describe the variations of constraints in respect to transmitters as follows:
The generalised degree, Gi , is the sum of the amount of all constraints involving transmitter i. The variance is then de ned as:
n
X
2 = n1 (Gi ; m)2
i=0
with n the number of transmitters and m the average value for Gi:
n
X
1
m = n Gi
i=0
Another simple feature, which is invariant but has an in uence in the problem diculty, when using heuristic algorithms, is the constraint density. If c is the number of
constraints with n the number of transmitters, the density D is then de ned as:
D = n(n2;c 1)
We used these two features 2 and D to give guidance on the classi cation of problems.
By using only two features, it is possibly to assign any frequency assignment problem,
de ned as a constraint matrix, a point in the two dimensional D2 space.
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Plotting a D2 diagram reveals that all the regular hexagonal grid examples are concentrated in almost the same location, and also the 16 radio link problems (Computer
Science data) and the constraint matrices based upon the Philadelphia data are concentrated at destinct places (Figure 8).

Figure 8: Plot of density against transmitter variance for constraint matrices
This is a small success, however the data is insucient to be able to classify into groups
as in section 6.2. To classify more accurately, much more test data is needed and possibly
more invariant but meaningful features have to be extracted.
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7 The Assessment of the Spectrum Eciency of an
Assignment
The radio frequency assignment problem concerns the assignment of frequencies to transmitters, with the aim of avoiding or minimising interference. Most work on this problem
has focussed on the process of assigning frequencies, with relatively little consideration
given to the question of how good a particular assignment is. Indeed, there does not
seem to be a great deal of agreement about exactly what it is that should be measured.
Here we will make some tentative suggestions as to how this issue could be approached
and show how the system FASoft and its associated lower bounding software can be
used for this purpose. We will consider only the case where the available spectrum
consists of a number of discrete equally spaced channels. However, we will include xed
spectrum problems in our considerations, where there is a xed number of channels
available which may be less than the indicated minimum required number of channels.
We will also give some consideration to the question of whether it is possible to give
some indication of the merit of an actual allocation of spectrum for a particular service.
The thrust of our treatment will be on how a system such as FASoft can help in these
matters. We will leave discussion of how interference should be assessed at a general
level.

7.1 Construction of Constraint Matrices
FASoft, in common with most frequency assignment systems, starts from a constraint

matrix or its equivalent. The constraint matrix is a N  N matrix (where N denotes the
number of transmitters). The element in the i'th row and j'th column of the constraint
matrix indicates the required number of channels separation between the frequencies
assigned to transmitters i and j . A constraint matrix would normally be obtained using
protection ratios. This involves a calculation of the wanted signal received by a receiver
in the service area of a wanted transmitter, and of the interfering signal received by
the receiver from the unwanted transmitter. This gives a signal-to-interference ratio. In
order that the required protection ratio be obtained, a number of channels of required
separation is imposed between the frequencies to be assigned to the wanted and unwanted
transmitters. It is these required separations that are recorded as the elements of the
constraint matrix.
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De nition 5 Suppose that the wanted and unwanted signals are assessed and the num-

ber of channels of required separation are calculated according to standard recommendations. If an assignment is then found with no constraint violations (i.e. so that all of
the required separations are obtained), then we shall refer to that assignment as an ideal
assignment.

For xed spectrum problems, where a xed number of consecutive channels are available,
an ideal assignment may not be possible. Di erent users proceed in di erent ways. Some
simply try to minimise the number of constraint violations, or the sum of the number
of channels by which the required separations are missed, or the maximum number of
channels by which any required separation is missed. Other users attach so called \soft
constraints" to the transmitter/receiver pairs, which indicate the relative importance
of the required separation being missed. A weighted sum of the constraint violations
is then minimised. An alternative, and perhaps preferable, approach is to increase
the allowable interference in some way and then recalculate the constraint matrix. A
new attempt is then made to nd an assignment which meets the (possibly modi ed)
required separations. This process continues iteratively until a zero constraint violation
assignment is obtained, as long as the allowable interference used can still be considered
to give an acceptable grade of service.

De nition 6 Suppose that the wanted and unwanted signals are assessed and the num-

ber of channels of required separation are calculated according to a weakening of the
conditions for an ideal assignment, such that the required separations can still be considered to give an acceptable grade of service. If an assignment is then found with no
constraint violations (i.e. so that all of the required separations are obtained), then we
shall refer to that assignment as an acceptable assignment.

We shall measure the spectrum eciency of an assignment in terms of these de nitions.
Thus our measure assumes that assignments are found using constraint matrices. If it
subsequently turns out that better assignments can be found by circumventing the use
of constraint matrices then our approach would require some modi cation.

7.2 The Calculation of Spectrum Eciency of an Individual
Assignment
The measure that we will use for spectrum eciency is one given by Berry [4]:
spectrum space used by an \ideal" system :
spectrum space used by the system being evaluated
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If the channels are treated as positive integers then the span is the di erence between
the largest channel and the smallest channel, so we can modify the above de nition very
slightly for simplicity to:
minimum span :
actual span
Berry's measure is a dimensionless number between 0 and 1. In order to deal with xed
spectrum problems we will allow our measure to exceed 1. Speci cally, the measure is
de ned to be:
minimum span of an ideal assignment
actual span of an acceptable assignment being evaluated :

Thus if an ideal assignment of minimum span is evaluated the measure is 1. If an ideal
assignment of greater than minimum span is evaluated, the measure is less than 1, the
smaller the measure the poorer the assignment. If a nonideal but acceptable assignment
is evaluated, the span may be less than the minimum span of an ideal assignment and
then the measure may exceed 1. This can be considered an improvement from the point
of view of the spectrum authority, as long as the quality of service really is acceptable
to the operator. However, if no acceptable assignment can be found within a given
allocation of spectrum then the measure is not even de ned. In this case the lower
bounding software on the span may be used to resolve a debate about the adequacy of
the given allocation for the service in question.
In calculating the measure when there is an ideal or acceptable assignment being evaluated, the denominator is given immediately as the span of the assignment. We need only
consider the calculation of the numerator. If for the constraint matrix corresponding
to an ideal assignment FASoft gives an assignment with span equal to the best lower
bound on the span found, then the numerator is known exactly. If these numbers are
not equal but the di erence is small compared with the span, a good estimate of the
spectrum eciency measure is still obtained. The diculty comes when there is a large
gap between the span of the best ideal assignment obtained and the best lower bound
that can be determined. Of course in this case there is no rm knowledge and the measure can only be determined accurately in such cases after further research. However,
we incline to the view that the best heuristics in FASoft are better developed than the
lower bounding techniques. We would incline to use an estimate much closer to the best
span obtained than to the lower bound. Strictly then, we should in this case replace our
measure by:
an estimate of the minimum span of an ideal assignment :
actual span of an acceptable assignment being evaluated
We will illustrate these points in the examples which follow.

Example 1 For the \standard" Philadelphia problem FASoft gives an assignment of
span 426 and a lower bound of 426 on the span can be determined. Thus FASoft gives
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an ideal assignment of spectrum eciency 1. Many authors have only been able to obtain
sub-optimal assignments with spectrum eciency less than 1. If only 400 consecutive
channels were available it might be possible (say by relaxing certain second adjacent
channel constraints to adjacent channel constraints) to obtain an acceptable assignment
of span 399. The spectrum eciency of this acceptable assignment is 426/399.

Example 2 We are aware of a 726 transmitter problem typical of a military radio links

problem for which the best span given by FASoft is 229. However, the best lower bound
on the span obtained by methods described in this report is 175. This was obtained by
applying the Volgenant and Jonker travelling salesman software to a near clique (in fact
a clique plus one vertex). There is no reason why the Hamiltonian path bound should be
exact here. There may be many constraint violations between nonconsecutive vertices in
the path. Out e orts to improve the Hamiltonian path bound for the frequency assignment
problem are not yet suciently developed to deal with this case. Thus we would incline
to a best estimate of the minimum span in the range 215 to 225, giving a quality of
between 215/233 and 225/233. Further research is needed to improve this estimate or
to improve our con dence in it. Very recently new techniques have improved the lower
bound on the span from 175 to 181 [2].

7.3 The Spectrum Eciency of an Allocation
Having dealt with the estimation of the spectrum eciency of a single assignment, it is
then useful to ask if an assessment can be made of the spectrum eciency of an Allocation
made to an operator for a given service. Although this is conceptually harder, it could
possibly be tackled as follows. Suppose that a number of typical instances of assignment
problems for the entire service were generated. An ecient Allocation should allow
an acceptable assignment to be found for all of the problem instances. However, no
assignment should have a spectrum eciency which is very much less than 1.
The suggestions made here for the assessment of spectrum eciency require further
debate. However, they do put into a rmer framework the way in which FASoft and
its associated lower bounding software may be used to assess quality.

72

8 Conclusions and Further Work

8 Conclusions and Further Work
8.1 The Frequency Assignment Software
We have described a system, FASoft which can be used for state of the art frequency
assignment. Fixed spectrum or minimum span problems can be solved using a variety
of techniques, the most successful of which are simulated annealing and tabu search.
Given a constraint matrix de ning the required channel separation between transmitters,
the system can be used as a practical tool for frequency assignment. Alternatively, it
can be used as a research tool capable of exploring and evaluating the e ect of varying
parameters in the algorithms, and hence their e ect on a frequency plan.
The results we have given show that the best heuristic in FASoft generally performs
very well, giving an assignment fairly close to best possible. Sometimes, the assignment
can be improved by using cliques. This has the additional advantage that a good lower
bound can be generated. It should be remarked that the clique method is most e ective
if it remains exploratory. More rigid rules governing the selection of an initial clique or
the building of a near clique may prevent the very best solution from being found.
Although for many types of problem the clique method is e ective, we are aware of
problems for which it is not. Fixing the assignment of a clique may reduce freedom
and actually make it harder to nd an assignment for the full constraint graph. For
cellular problems clique methods are useful if the geometry is small or if the demands are
quite variable. For demands with little variation over extensive geometries the methods
described here may be ine ective. For example, for many hexagonal lattice problems
with one transmitter per cell the minimal span may be known exactly [30, 29]. For
an extensive region the heuristics cannot discover the lattice assignment and generally
perform poorly. Clique methods are unlikely to help.
Finally, further research is needed to develop tight lower bounds for xed spectrum frequency assignment, either based on the number of constraint violations or some other
measure. At present comparisons can only be made on the relative performance of algorithms without reference to their absolute performance. Also the performance of genetic
algorithms is disappointing in comparison with simulated annealing and tabu search.
Research is needed to determine why this is the case and to increase the e ectiveness of
genetic algorithms for frequency assignment.
In comparison with results published elsewhere, FASoft almost always gives the best
results, the only condition is that the problem has to be de ned using a constraint
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matrix. Several results published in the literature can be improved using FASoft,
sometimes problems are very easy to solve, for example Bt 58 4 which appeared in [31]
or the Philadelphia problems with a higher co-site separation than 5 [39].
FASoft has a number of features which make it unique:

 It has a user friendly interface, but can also run in command line mode or perform








batch runs.
Both minimum span and xed spectrum assignments can be solved.
Various input formats for the constraint matrix, including the CELAR format [1]
can be used.
It is exible regarding frequency domains (available frequencies). Every transmitter can be allocated a unique frequency domain.
Subgraphs can be assigned rst, and this result can be used to assign the whole
problem. (It also provides tools for nding critical subgraphs.)
Starting assignments can be used in a exible way.
It incorporates sequential (greedy) algorithms, exhaustive search (Backtracking
and Forward Checking), and several heuristics (with simulated annealing and tabu
search being the most ecient and e ective).
Finally, FASoft produces excellent frequency assignment results.

8.2 The Classi cation of Problems
In section 6, we have outlined the theoretical aspects of problem classi cation and also
used two approaches to achieve classi cation results. The statistical classi cation using
the constraint density and a measure of variance is not enough to obtain a meaningful
separation between groups of problems. More classi cation features and test data are
needed for this process.
However the classi cation based on sequential algorithms is useful. Obviously, more
tests are needed to fully understand the achieved separation into di erent groups and
the implication of the grouping on the problem diculty. But all the data sets available
so far support the theory that the classi cation into the three groups (hexagonal group,
direct group and clique group) is reliable. Further work could involve more features
which would enable the three groups to be split into subgroups to more accurately
classify problems.
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8.3 The Constraint Matrix
Most of the work carried out to date has taken the constraint matrix as a starting point.
Recent work at Oxford [18] has demonstrated that the choice of constraint matrix for
a particular frequency assignment problem is not unique, and that the actual choice of
constraint matrix may be important. Work at Royal Holloway, University of London
aims to apply the theory of Constraint Satisfaction to determine the best set of (not
necessarily binary) constraints to use for a particular problem.
Throughout this report, the starting point for a frequency assignment problem was the
constraint matrix. The constraint matrix is, and will be for the foreseeable future, the
main tool in the modelling process for frequency assignment problems. Radio engineers
prefer the constraint matrix, as it gives them a unique constraint between all pairs of
transmitters. However, it may well be that a move to non-binary constraints, as proposed
in the Royal Holloway work in collaboration with the Cardi /Glamorgan group, would
have substantial bene ts. The evaluation is currently only just beginning, but if nonbinary constraints are used there would be signi cant but limited implications for the
work described in this report.

8.4 Finding Good Initial Orderings for Sequential Assignment
Sequential assignment methods are greedy methods which mimic the way a frequency
assignment problem may be solved manually. The transmitters are ordered in some
way. Dicult to assign transmitters are given a higher priority than the less dicult
to assign ones. Diculty is usually assessed by the degree or generalised degree of the
transmitter. Given this initial ordering transmitters are then selected one by one and
assigned a frequency such that no constraints are violated.
The most popular way of generating an initial ordering of transmitters is to use the degree
or generalised degree of a transmitter (vertex in the constraint graph) and produce an
ordered list based on largest rst, smallest last, generalised largest rst or generalised
smallest last.
An alternative way of generating the initial ordering is to use meta-heuristics. In particular, starting from a random ordering of the transmitters successive re nements (which
di er depending on the heuristic used) are made to improve the ordering. To assess
the tness (i.e. goodness of a given transmitter ordering) frequencies are sequentially
assigned to the transmitters in the order they appear in the list such that the smallest
allowable frequency is used and no constraints are violated.
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Results are available on using a genetic algorithm to generate the initial ordering and
work is currently underway on a simulated annealing algorithm. The success of the GA
is mixed. On the standard Philadelphia problem the optimal span of 426 is obtained,
whereas on the 726 transmitter radio links problem a span of 243 is obtained (which is
an improvement over the best sequential result of 248, but is some way short of the best
known span of 229).

8.5 Further Work
Experience with using FASoft is beginning to lead to an understanding of which problems are dicult and how problem diculty should be de ned. This report has begun
a study of how problems should be classi ed. This activity is in its infancy and needs
to continue.
At the same time, some of the methods developed will become less e ective as problem
size increases from several hundred to several thousand transmitters. The maximum
clique algorithm used, for example, is already approaching the limit of its applicability
at 800 transmitters. Development of the methods to deal with larger problems will need
to continue in the future.
In particular, it is proposed to continue work on two fronts:
1. At present the application of clique based procedures in the generation of a frequency assignment is not fully automated and requires a certain amount of manual
intervention to produce successful assignments. Consequently, work will be done
to deskill the use of the clique method in the assignment process to a level similar
to that currently required to apply the heuristics directly. This would enhance the
use of the assignment algorithms by Radio Engineers.
Related to this will be the development of an heuristic algorithm for the identication of the clique or critical subgraph. This critical subgraph is the subgraph
of the constraint graph that gives the best lower bound (of some easily calculated
type). It is expected to be related to cliques and near cliques and would supersede
the use of near cliques. The critical subgraph will, without manual intervention,
determine the best starting con guration for assignment heuristics. An additional
advantage will be that the current limitation on size forced by the exact maximum
clique algorithm [6] will be removed. The critical subgraph should also lead to a
useful classi cation of problems.
2. Currently a constraint matrix (or channel separation matrix) models the potential
interference between pairs of transmitters. If the channel separation between each
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pair of transmitters is satis ed in an assignment then it is considered that the
interference in the network is minimised. The constraint matrix model seems to
be particularly suitable for xed links (or point to point) networks, however, it
is unclear whether this model is appropriate for area coverage problems. The
principal criteria that must be satis ed at every reception point in the coverage
areas are:
(a) A speci ed signal-to-interference ratio between the wanted signal and any
interfering signal must be attained.
(b) The eld-strength must not be less than a certain minimum.
Consequently, research will be carried out to consider the most e ective representation for frequency assignment in area coverage problems. The advantages of new
representations relative to the constraint matrix representation will be assessed.
Ecient solution of problems expressed in the new representation by modi cations
of existing methods will be studied.
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